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1 Introduction to Engineering Economy

1.1 Introduction

Engineering economy deals with the evaluation of systems, products, and services in relationship
to their costs. Engineering economy is a field that addresses the dynamic environment of
economic calculations and principles through the prism of engineering. It is a fundamental skill
that all successful engineering firms employ in order to retain competitive advantage and market
share.

Engineering economy studies various financial and economic problems pervasive to engineers in
a variety of industries. Engineering economy is a topic that all industry-bound students should
learn because of its real-world applications. Engineering economy poses numerous benefits
because it allows those in industry to make strategic decisions for their companies. While
macroeconomic and financial competencies are key for business operations, engineering
economics further provides a mechanism for decision-making. It forces engineers to think twice
before making many choices in everyday operations, such as process configurations, materials,
production size, and other economic factors. Daily decisions by the engineering firms (based on
an economic framework) will decide how successful and profitable that company is.

1.2 Definitions

Time value of money is the idea that money has a different value now than it will in the future.
This is due to a number of dynamic variables, such as inflation and interest rates. These values
are standardized through present and future value calculations, thereby equalizing the time
dependent variables. This is very important for engineers because these calculations provide an
intuition as to how money should be spent and saved, how cash flow should be negotiated in
contracts, and how interest rates can affect the present and future values.

Cost analysis is a key tenant for balancing a business’s budget, as well as for calculating the
viability of a project. Engineers can compare the costs and benefits of a project and determine
whether the benefits outweigh the costs enough to entertain the project. Each are then further
broken down into subcategories. There are fixed costs (initial infrastructure), variable costs (each
additional input), total variable costs (aggregate of all inputs), and total costs (fixed costs plus
total variable costs). Meanwhile, the benefits can comprise of total revenues (final sales),
marginal revenues (each additional sale), and profits (final sales minus total costs).

Interest is another concept that is important to economical engineers. Many times, engineering
firms take out significant loans to finance construction of major projects. Having a clear
understanding of the cost of borrowing money is crucial to making appropriate business
decisions. For instance, if the costs of a five-year long project (after accounting for the annually
compounded interest rate) exceed the revenues collected, then it would be unwise to pursue the
project. Many construction companies are highly cognizant of interest rates (mortgage rates in
particular), because if mortgage rates are too high, many people can’t afford to finance buying



new houses. Thus, once the demand for homes dries up, construction companies must pursue
other avenues to make money.

Economic fluctuations characterize the changes in the market economy as peaks, recessions,
troughs, or expansions. Each of these four stages has a direct impact on the choices made by
businesses, particularly construction companies. During a recession, decisions made by the
Federal Reserve and U.S. Government provide a signal for the direction of the economy. For
example, if the Federal Reserve decides to engage in expansionary monetary policy, they will
lower interest rates in order to make it cheaper to borrow money for business operations. In
response, many firms can take advantage of the temporary stimulus and invest heavily.

Depreciation is the loss of value in an asset over time. During the 2008 housing market collapse,
many homeowners saw the value of their homes depreciate tremendously, leading them to go
underwater on their mortgages — many to a point where their loans exceeded the values of their
homes. Depreciation plays a major influence on engineering firms; it is important for engineers
to calculate the “wear and tear” that activities have on their expensive equipment. This allows
them to calculate how much it costs their firm to operate a piece of equipment for a period of
time, and how much they should recoup annually to compensate for these costs. Furthermore,
since capital depreciation is tax-deductible, savvy engineers can save their firms tremendous
amounts of money.

The marriage between economics and engineering is one that is crucial to the success of
engineers in the 21% century; the interdisciplinary nature of the topic offers key insight into the
underlying mechanisms that drive daily business operations. Engineering economics is an
integral component to many engineering curricula across the country, covering a wide variety of
topics including the time value of money, cost analysis, interest rates, economic fluctuations,
depreciation, and everything in-between. Furthermore, it has been noted by renowned engineer
John Hayford that engineering and economics “help to develop the very valuable habit of
thinking in terms of groups rather than of individuals.” By understanding and implementing the
outcomes, framework, and tools for actively teaching engineering economics, future engineers
can continue evolving as problem solvers and innovators.

2 Foundations of Engineering Economy

2.1 Introduction

The need for engineering economy is primarily motivated by the work that engineers do in
performing analyses, synthesizing, and coming to a conclusion as they work on projects of all
sizes. In other words, engineering economy is at the heart of making decisions. These decisions
involve the fundamental elements of cash flows of money, time, and interest rates. This section
introduces the basic concepts and terminology necessary for an engineer to combine these three
essential elements in organized, mathematically correct ways to solve problems that will lead to
better decisions.



2.2 Description and Role in Decision Making

Decisions are made routinely to choose one alternative over another by individuals in everyday
life; by engineers on the job; by managers who supervise the activities of others; by corporate
presidents who operate a business; and by government officials who work for the public good.
Most decisions involve money, called capital or capital funds, which is usually limited in
amount. The decision of where and how to invest this limited capital is motivated by a primary
goal of adding value as future, anticipated results of the selected alternative are realized.
Engineers play a vital role in capital investment decisions based upon their ability and experience
to design, analyze, and synthesize. The factors upon which a decision is based are commonly a
combination of economic and noneconomic elements.

Engineering economy deals with the economic factors. By definition, engineering economy
involves formulating, estimating, and evaluating the expected economic outcomes of alternatives
designed to accomplish a defined purpose. Mathematical techniques simplify the economic
evaluation of alternatives.

People make decisions; computers, mathematics, concepts, and guidelines assist people in their
decision-making process. Since most decisions affect what will be done, the time frame of
engineering economy is primarily the future; therefore, the numbers used in engineering
economy are best estimates of what is expected to occur. The estimates and the decision
usually involve four essential elements: cash flows, times of occurrence of cash flows, interest
rates for time value of money, and measure of economic worth for selecting an alternative.

Since the estimates of cash flow amounts and timing are about the future, they will be somewhat
different than what is actually observed, due to changing circumstances and unplanned events. In
short, the variation between an amount or time estimated now and that observed in the future is
caused by the stochastic (random) nature of all economic events. Sensitivity analysis is utilized
to determine how a decision might change according to varying estimates, especially those
expected to vary widely.

The criterion used to select an alternative in engineering economy for a specific set of estimates
is called a measure of worth. The measures developed and used in this document are: Present
worth (PW), Future worth (FW), Annual worth (AW), Rate of return (ROR), Benefit/cost (B/C),
Capitalized Cost (CC), Payback Period, Economic Value Added (EVA), and Cost Effectiveness.
All these measures of worth account for the fact that money makes money over time. This is the
concept of the time value of money.

It is a well-known fact that money makes money. The time value of money explains the change
in the amount of money over time for funds that are owned (invested) or owed (borrowed).
This is the most important concept in engineering economy.

The time value of money is very obvious in the world of economics. If it is decided to invest
capital (money) in a project today, it is inherently expected to have more money in the future
than what was invested. If money is borrowed today, in one form or another, it is expected to
return the original amount plus some additional amount of money.



Engineering economy is equally well suited for the present, future, and for the analysis of past
cash flows in order to determine if a specific criterion (measure of worth) was attained.

2.3 Performing an Engineering Economy Study

An engineering economy study involves many elements: problem identification, definition of the
objective, cash flow estimation, financial analysis, and decision making. Implementing a
structured procedure is the best approach to select the best solution to the problem.

The steps in an engineering economy study are as follows:

Identify and understand the problem; identify the objective of the project.

Collect relevant, available data and define viable solution alternatives.

Make realistic cash flow estimates.

Identify an economic measure of worth criterion for decision making.

Evaluate each alternative; consider noneconomic factors; use sensitivity analysis as
needed.

Select the best alternative.

e Implement the solution and monitor the results.

Technically, the last step is not part of the economy study, but it is, of course, a step needed to
meet the project objective. There may be occasions when the best economic alternative requires
more capital funds than are available, or significant non-economic factors preclude the most
economical alternative from being chosen. Accordingly, the fifth and sixth steps above may
result in the selection of an alternative different from the economically best one. Also, sometimes
more than one project may be selected and implemented. This occurs when projects are
independent of one another. In this case, the fifth, sixth, and seventh steps vary from those
above.

2.3.1 Problem Description and Objective Statement

A succinct statement of the problem and primary objective(s) is very important to the
formation of an alternative solution. As an illustration, assume the problem is that a coal-
fueled power plant must be shut down in the near future due to the production of
excessive sulfur dioxide. The objectives may be to generate the forecasted electricity
needed for the near future and beyond, plus to not exceed all the projected emission
allowances in these future years.

2.3.2 Alternatives

These are stand-alone descriptions of viable solutions to problems that can meet the
objectives. Words, pictures, graphs, equipment and service descriptions, simulations, etc.
define each alternative. The best estimates for parameters are also part of the alternative.
Several parameters include equipment first cost, expected life, salvage value (estimated
trade-in, resale, or market value), and annual operating cost (AOC), which can also be



termed maintenance and operating (O&M) cost, and subcontract cost for specific
services. If changes in income (revenue) may occur, this parameter must be estimated.

Detailing all viable alternatives at this stage is crucial. For example, if two alternatives
are described and analyzed, one will likely be selected and implementation initiated. If a
third, more attractive method that was available is later recognized, a wrong decision was
made.

2.3.3 Cash Flows

All cash flows are estimated for each alternative. Since these are future expenditures and
revenues, the results of the third step usually prove to be inaccurate when an alternative is
actually in place and operating. When cash flow estimates for specific parameters are
expected to vary significantly from a point estimate made now, risk and sensitivity
analyses (fifth step) are needed to improve the chances of selecting the best alternative.
Sizable variation is usually expected in estimates of revenues, AOC, salvage values, and
subcontractor costs. Estimation of costs, the elements of variation (risk), and sensitivity
analysis is discussed later on in this document.

2.3.4 Engineering Economy Analysis

The techniques and computations that will be learned and used throughout this text utilize
the cash flow estimates, time value of money, and a selected measure of worth. The result
of the analysis will be one or more numerical values; this can be in one of several terms,
such as money, an interest rate, number of years, or a probability. In the end, a selected
measure of worth mentioned in the previous section will be used to select the best
alternative.

Before an economic analysis technique is applied to the cash flows, some decisions about
what to include in the analysis must be made. Two important possibilities are taxes and
inflation. Federal, state or provincial, county, and city taxes will impact the costs of every
alternative. An after-tax analysis includes some additional estimates and methods
compared to a before-tax analysis. If taxes and inflation are expected to impact all
alternatives equally, they may be disregarded in the analysis; however, if the size of these
projected costs is important, taxes and inflation should be considered. Also, if the impact
of inflation over time is important to the decision, an additional set of computations must
be added to the analysis and details will be discussed later on in this document.

2.3.5 Selection of the Best Alternative

The measure of worth is a primary basis for selecting the best economic alternative. For
example, if alternative A has a rate of return (ROR) lower than that of alternative B, then
B is better economically; however, there can always be non-economic or intangible
factors that must be considered and that may alter the decision. There are many possible
noneconomic factors and several typical ones are:



e Market pressures, such as need for an increased international presence.

e Availability of certain resources, e.g., skilled labor force, water, power, tax
incentives.

e Government laws that dictate safety, environmental, legal, or other aspects.

e Corporate management’s or the board of director’s interest in a particular alternative.

e Goodwill offered by an alternative toward a group: employees, union, county, etc.

Once all the economic, non-economic, and risk factors have been evaluated, a final
decision of the “best” alternative is made.

At times, only one viable alternative is identified; in this case, the do-nothing (DN)
alternative may be chosen provided the measure of worth and other factors result in the
alternative being a poor choice. The do-nothing alternative maintains the status quo.

In economic analysis, financial units (dollars or other currency) are generally used as the
tangible basis for evaluation. Thus, when there are several ways of accomplishing a
stated objective, the alternative with the lowest overall cost or highest overall net income
is selected.

2.4 Professional Ethics and Economic Decisions

Many of the fundamentals of engineering ethics are intertwined with the roles of money and
economics-based decisions in the making of professionally ethical judgments. The terms morals
and ethics are commonly used interchangeably, yet they have slightly different interpretations.
Morals usually relate to the underlying tenets that form the character and conduct of a person in
judging right and wrong. Ethical practices can be evaluated by using a code of morals or code of
ethics that forms the standards to guide decisions and actions of individuals and organizations in
a profession, for example, electrical, chemical, mechanical, industrial, or civil engineering. There
are several different levels and types of morals and ethics:

Universal or common morals: These are fundamental moral beliefs held by virtually all
people. Most people agree that to steal, murder, lie, or physically harm someone is
wrong. It is possible for actions and intentions to come into conflict concerning a
common moral.

Individual or personal morals: These are the moral beliefs that a person has and
maintains over time. These usually parallel the common morals in that stealing, lying,
murdering, etc. are immoral acts. It is quite possible that an individual strongly supports
the common morals and has excellent personal morals, but these may conflict from time
to time when decisions must be made.

Professional or engineering ethics: Professionals in a specific discipline are guided in
their decision making and performance of work activities by a formal standard or code.
The code states the commonly accepted standards of honesty and integrity that each
individual is expected to demonstrate in her or his practice. There are codes of ethics for
medical doctors, attorneys, and, of course, engineers. Although each engineering
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profession has its own code of ethics, the Code of Ethics for Engineers published by the
National Society of Professional Engineers (NSPE) is very commonly used and quoted.
As with common and personal morals, conflicts can easily rise in the mind of an engineer
between his or her own ethics and that of the employing corporation. Like many people
during a declining national economy, retention of this job is of paramount importance to
the family and the engineer. Conflicts such as this can place individuals in real dilemmas
with no or mostly unsatisfactory alternatives. When an engineering economy study is
performed, it is important for the engineer performing the study to consider all ethically
related matters to ensure that the cost and revenue estimates reflect what is likely to
happen once the project or system is operating.

2.5 Interest Rate and Rate of Return

Interest is the manifestation of the time value of money. Computationally, interest is the
difference between an ending amount of money and the beginning amount. If the difference is
zero or negative, there is no interest. There are always two perspectives to an amount of interest:
interest paid and interest earned. These are illustrated in Figures 2.a and 2.b. Interest is paid
when a person or organization borrowed money (obtained a loan) and repays a larger amount
over time. Interest is earned when a person or organization saved, invested, or lent money and
obtains a return of a larger amount over time. The numerical values and formulas used are the
same for both perspectives, but the interpretations are different.

T

Loan : Lcan
- . - -
Fepayment A Repayment
-— -—

+ Imirrest Bamower Imvestor + Inberest N
Hank Corparation

Figure 2.a Figure 2.b

Interest paid on borrowed funds (a loan) is determined using the original amount, also called the
principal:

Interest Paid = Amount Owed now — Principal [1]

From the perspective of a saver, a lender, or an investor, interest earned (Figure 2.b) is the
final amount minus the initial amount, or principal.

Interest Earned = Total Amount Now — Principal [2]

When interest paid over a specific time unit is expressed as a percentage of the principal, the
result is called the interest rate:

Interest Rate (%) = (Interest Accrued per Time Unit) *(100%) / Principal [3]
Keeping in mind that:

Total Accrued = Deposit + (Deposit)*(Interest Rate) [4]
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The time unit of the rate is called the interest period. By far the most common interest period
used to state an interest rate is 1 year. Shorter time periods can be used, such as 1% per month.
Thus, the interest period of the interest rate should always be included. If only the rate is stated,
for example, 8.5%, a 1-year interest period is assumed.

Interest earned over a specific period of time is expressed as a percentage of the original amount
and is called rate of return (ROR):

Rate of Return (%) = (Interest Accrued per Time Unit) *100% / Principal [5]

The time unit for rate of return is called the interest period, just as for the borrower’s perspective.
Again, the most common period is 1 year.

The term return on investment (ROI) is used equivalently with ROR in different industries and
settings, especially where large capital funds are committed to engineering-oriented programs.
The numerical values in Equations [3] and [5] are the same, but the term interest rate paid is
more appropriate for the borrower’s perspective, while the rate of return earned is better for the
investor’s perspective. Remember, end of the period means end of interest period, not end of
calendar year.

Example 1:

An employee borrows $10,000 on May 1 and must repay a total of $10,700 exactly 1 year later.
Determine the interest amount and the interest rate paid.

Solution:

The perspective here is that of the borrower since $10,700 repays a loan. Apply Equation [1]
to determine the interest paid:

Interest Paid = $10,700 - 10,000 = $700
Equation [2] determines the interest rate paid for 1 year:

Example 2:

(a) Calculate the amount deposited 1 year ago to have $1000 now at an interest rate of 5%
per year.

(b) Calculate the amount of interest earned during this time period.
Solution:

(@) The total amount accrued ($1000) is the sum of the original deposit and the earned interest.
If X is the original deposit:
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Total Accrued = Deposit + (Deposit)*(Interest Rate)
$1000 = X (0.05) + X*(1 + 0.05) = 1.05 X

The original deposit is:
X =1000/1.05 = $952.38
(b) Apply Equation [2] to determine the interest earned:

Interest = $1000 - 952.38 = $47.62

In Examples 1 and 2, the interest period was 1 year, and the interest amount was calculated at the
end of one period. When more than one interest period is involved, e.g., the amount of interest
after 3 years, it is necessary to state whether the interest is accrued on a simple or compound
basis from one period to the next. This topic is covered later in this document.

Since inflation can significantly increase an interest rate, some comments about the
fundamentals of inflation are warranted at this early stage. By definition, inflation represents a
decrease in the value of a given currency. That is, $10 now will not purchase the same amount of
gasoline for your car (or most other things) as $10 did 10 years ago. The changing value of the
currency affects market interest rates.

In simple terms, interest rates reflect two things: a so-called real rate of return plus the expected
inflation rate. The real rate of return allows the investor to purchase more than he or she could
have purchased before the investment, while inflation raises the real rate to the market rate that
we use on a daily basis.

The safest investments (such as government bonds) typically have a 3% to 4% real rate of return
built into their overall interest rates. Thus, a market interest rate of, say, 8% per year on a bond
means that investors expect the inflation rate to be in the range of 4% to 5% per year. Clearly,
inflation causes interest rates to rise.

From the borrower’s perspective, the rate of inflation is another interest rate tacked on to the real
interest rate, and from the vantage point of the saver or investor in a fixed-interest account,
inflation reduces the real rate of return on the investment. Inflation means that cost and revenue
cash flow estimates increase over time. This increase is due to the changing value of money that
is forced upon a country’s currency by inflation, thus making a unit of currency (such as the
dollar) worth less relative to its value at a previous time. It is seen that the effect of inflation in
that money purchases less now than it did at a previous time. Inflation contributes to:

 areduction in purchasing power of the currency.

« anincrease in the CPI (consumer price index).

« anincrease in the cost of equipment and its maintenance.

« an increase in the cost of salaried professionals and hourly employees.

« areduction in the real rate of return on personal savings and certain corporate investments.
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In other words, inflation can materially contribute to changes in corporate and personal economic
analysis.

2.6 Terminology and Symbols

The equations and procedures of engineering economy utilize the following terms and symbols.
Sample units are indicated.

P = value or amount of money at a time designated as the present or time 0. Also P is referred to
as present worth (PW), present value (PV), net present value (NPV), discounted cash flow
(DCF), and capitalized cost (CC); monetary units, such as dollars.

F = value or amount of money at some future time. Also, F is called future worth (FW) and
future value (FV); monetary units, such as dollars.

A = series of consecutive, equal, end-of-period amounts of money. Also, A is called the annual
worth (AW) and equivalent uniform annual worth (EUAW); monetary units, such as dollars per
year, euros per month.

n = number of interest periods; years, months, days.
I = interest rate per time period; percent per year, percent per month.
t = time, stated in periods; years, months, days.

The symbols P and F represent one-time occurrences: A occurs with the same value in each
interest period for a specified number of periods. It should be clear that a present value P
represents a single sum of money at some time prior to a future value F or prior to the first
occurrence of an equivalent series amount A.

It is important to note that the symbol A always represents a uniform amount (i.e., the same
amount each period) that extends through consecutive interest periods. Both conditions must
exist before the series can be represented by A.

The interest rate i is expressed in percent per interest period, for example, 12% per year. Unless
stated otherwise, assume that the rate applies throughout the entire n years or interest periods.
The decimal equivalent for i is always used in formulas and equations in engineering economy
computations.

All engineering economy problems involve the element of time expressed as n and interest rate i.
In general, every problem will involve at least four of the symbols P, F, A, n, and i, with at least
three of them estimated or known.

Example 3:

Today, a person borrowed $5000 to purchase furniture for his new house. He can repay the loan

in either of the two ways described below. Determine the engineering economy symbols and
their value for each option.
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(a) Five equal annual installments with interest based on 5% per year.
(b) One payment 3 years from now with interest based on 7% per year.

Solution:

(a) The repayment schedule requires an equivalent annual amount A, which is unknown.
P = $5000, i = 5% per year, n =5 years, A =?

(b) Repayment requires a single future amount F, which is unknown.
P = $5000, i = 7% per year, n = 3 years, F =?

Example 4:

You plan to make a lump-sum deposit of $5000 now into an investment account that pays 6%
per year, and you plan to withdraw an equal end-of-year amount of $1000 for 5 years, starting
next year. At the end of the sixth year, you plan to close your account by withdrawing the
remaining money. Define the engineering economy symbols involved.

Solution:
All five symbols are present, but the future value in year 6 is the unknown.

P = $5000, A = $1000 per year for 5 years, F = ? at end of year 6, i = 6% per year, n = 5 years for
the A series and 6 for the F value.

Example 5:

Last year Lara’s grandmother offered to put enough money into a savings account to generate
$5000 in interest this year to help pay Lara’s expenses at college. (a) Identify the symbols, and
(b) calculate the amount that had to be deposited exactly 1 year ago to earn $5000 in interest
now, if the rate of return is 6% per year.

Solution:

(a) Symbols P (last year is = 1) and F (this year) are needed.
P =7?,i=6% per year, n = 1 year, F = P + interest = ? + $5000

(b) Let F = total amount now and P = original amount. It is known that F — P = $5000 is accrued
interest. Now, P can be determined. Refer to Equations [1] through [4].

F=P+Pi
The $5000 interest can be expressed as:

Interest=F-P=(P+Pi)—P=Pi
$5000 = P (0.06)

14



P = $5000/0.06 = $83,333.33

2.7 Cash Flows: Estimation and Diagramming

As mentioned in earlier sections, cash flows are the amounts of money estimated for future
projects or observed for project events that have taken place. All cash flows occur during specific
time periods, such as 1 month, every 6 months, or 1 year. Annual is the most common time
period. For example, a payment of $10,000 once every year in December for 5 years is a series
of 5 outgoing cash flows, and an estimated receipt of $500 every month for 2 years is a series of
24 incoming cash flows. Engineering economy bases its computations on the timing, size, and
direction of cash flows.

Cash inflows are the receipts, revenues, incomes, and savings generated by project and business
activity. A plus sign indicates a cash inflow.

econos are costs, disbursements, expenses, and taxes caused by projects and business activity. A
negative or minus sign indicates a cash outflow. When a project involves only costs,
the minus sign may be omitted for some techniques, such as benefit/cost analysis.

Once all cash inflows and outflows are estimated (or determined for a completed project), the
net cash flow for each time period is calculated as per equations [6] and [7].

Net cash flow = cash inflows - cash outflows [6]
NCF=R-D [7]
where NCF is net cash flow, R is receipts, and D is disbursements.

At the beginning of this section, the timing, size, and direction of cash flows were mentioned as
important. Because cash flows may take place at any time during an interest period, as a matter
of convention, all cash flows are assumed to occur at the end of an interest period.

The end-of-period convention means that all cash inflows and all cash outflows are assumed to
take place at the end of the interest period in which they actually occur. When several inflows
and outflows occur within the same period, the net cash flow is assumed to occur at the end of
the period.

The cash flow diagram is a very important tool in an economic analysis, especially when the
cash flow series is complex. It is a graphical representation of cash flows drawn on the y axis
with a time scale on the x axis. The diagram includes what is known, what is estimated, and what
is needed. That is, once the cash flow diagram is complete, another person should be able to
work the problem by looking at the diagram.

Cash flow diagram time t = 0 is the present, and t = 1 is the end of time period 1. It is assumed

that the periods are in years for now. Since the end-of-year convention places cash flows at the
ends of years, the “1”” marks the end of year 1.
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While it is not necessary to use an exact scale on the cash flow diagram, errors may be avoided if
a neat diagram is made to the approximate scale for both time and relative cash flow magnitudes.

The direction of the arrows on the diagram is important to differentiate income from outgo. A
vertical arrow pointing up indicates a positive cash flow. Conversely, a down-pointing arrow
indicates a negative cash flow.

Example 6:

Each year, a company expends large amounts of funds for mechanical safety features throughout
its worldwide operations. A lead engineer for the company plans expenditures of $1 million now
and each of the next 4 years just for the improvement of the equipment. Construct the cash flow
diagram to find the equivalent value of these expenditures at the end of year 4, using a cost of
capital estimate for safety-related funds of 12% per year.

Solution:

Figure 3 indicates the uniform and negative cash flow series (expenditures) for five periods, and
the unknown F value (positive cash flow equivalent) at exactly the same time as the fifth
expenditure. Since the expenditures start immediately, the first $1 million is shown at time 0, not
time 1. Therefore, the last negative cash flow occurs at the end of the fourth year, when F also
occurs. To make this diagram have a full 5 years on the time scale, the addition of the year = -1
completes the diagram. This addition demonstrates that year O is the end-of-period point for the
year = -1.
1 2 3 ='l!'
} | ; | | :
R
A = 51,000,000

Figure 3 Cash Flow Diagram for Example 6

Year

Example 7:

An electrical engineer wants to deposit an amount P now such that she can withdraw an equal
annual amount of A1 = $2000 per year for the first 5 years, starting 1 year after the deposit, and a
different annual withdrawal of A, = $3000 per year for the following 3 years. How would the
cash flow diagram appears if i = 8.5% per year?

Solution:
The cash flows are shown in Figure 4. The negative cash outflow P occurs now. The withdrawals

(positive cash inflow) for the A: series occur at the end of years 1 through 5, and A occurs in
years 6 through 8.
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P=T7

Figure 4 Cash Flow Diagram with two different A Series, Example 7

Example 8:

A rental company spent $2500 on a new air compressor 7 years ago. The annual rental income
from the compressor has been $750. The $100 spent on maintenance the first year has increased
each year by $25. The company plans to sell the compressor at the end of next year for $150.
Construct the cash flow diagram from the company’s perspective and indicate where the present
worth now is located.

Solution:
Let now be time t = 0. The incomes and costs for years -7 through 1 (next year) are tabulated

below with net cash flow computed using Equation [6]. The net cash flows (one negative, eight
positive) are diagrammed in Figure 5 . Present worth P is located at year 0.

End of Year Income Cost Met Cash Flow
- £ 0 §2500 £-2500
-B 750 100 ]
-5 750 125 625
-4 T50 150 ]
-3 750 175 575
-2 750 200 ]
-1 T50 225 21

0 750 250 500
1 0 + 150 27 625
5650 . Ve
-.____--'_..,S-mc 3r75 } 623
TE U L
“ jo--oL s
I 1 1 ] IT IT 1
-7 - -3 -4 -3 -1 -1 p 1 Yem

12300

Figure 5 Cash Flow Diagram, Example 8

2.8 Economic Equivalence

Economic equivalence is a fundamental concept upon which engineering economy computations
are based.
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Economic equivalence is a combination of interest rate and time value of money to determine
the different amounts of money at different points in time that are equal in economic value.

As an illustration, if the interest rate is 6% per year, $100 today (present time) is equivalent to
$106 one year from today. From equation [4]:

Amount accrued = 100 + 100(0.06) = 100(1 + 0.06) = $106

If someone receives a gift of $100 today or $106 one year from today, it would make no
difference which offer is accepted from an economic perspective. In either case $106 are
accumulated one year from today. However, the two sums of money are equivalent to each other
only when the interest rate is 6% per year. At a higher or lower interest rate, $100 today is not
equivalent to $106 one year from today.

In addition to future equivalence, the same logic may be applied to determine equivalence for
previous years. A total of $100 now is equivalent to $100/1.06 = $94.34 one year ago at an
interest rate of 6% per year. From these illustrations, it can be stated the following: $94.34 last
year, $100 now, and $106 one year from now are equivalent at an interest rate of 6% per year.

The cash flow diagram in Figure 6 indicates the amount of interest needed each year to make
these three different amounts equivalent at 6% per year.

1= 6% paryear

1M
5434

Amomt, §

B

0

1 ] +1 Tims

Last How Maxt

Figure 6 Cash Flow Diagram Showing the Equivalency of Money at 6% per Year

2.9 Simple and Compound Interest

The terms interest, interest period, and interest rate (introduced in previous sections) are useful in
calculating equivalent sums of money for one interest period in the past and one period in the
future; however, for more than one interest period, the terms simple interest and compound
interest become important.

Simple interest is calculated using the principal only, ignoring any interest accrued in preceding
interest periods. The total simple interest over several periods is computed as:
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Simple Interest = (Principal)(Number of Periods)(Interest Rate) [8]
I = Pni

where | is the amount of interest earned or paid and the interest rate i is expressed in decimal
form.

Example 9:

A Financing company lent an engineering company $100,000 to retrofit an environmentally
unfriendly building. The loan is for 3 years at 10% per year simple interest. How much money
will the firm repay at the end of 3 years?

Solution:

The interest for each of the 3 years is: Interest per year = $100,000(0.10) = $10,000

Total interest for 3 years from Equation [8] is: Total interest = $100,000(3)(0.10) = $30,000

The amount due after 3 years is: Total due = $100,000 + 30,000 = $130,000

The interest accrued in the first year and in the second year does not earn interest. The interest
due each year is $10,000 calculated only on the $100,000 loan principal.

In most financial and economic analyses, compound interest calculations are used. For
compound interest, the interest accrued for each interest period is calculated on the principal
plus the total amount of interest accumulated in all previous periods. Thus, compound
interest means interest on top of interest.

Compound interest reflects the effect of the time value of money on the interest also. Now the
interest for one period is calculated as:

Compound Interest = (Principal + all Accrued Interest)(Interest Rate) [9]

In mathematical terms, the interest I for time period t may be calculated using the relation:

I ! l A ]
[10]
Total due after n years = (Principal) (1 + Interest Rate)" [11]
=P(1+i)
Example 10:

Assume an engineering company borrows $100,000 at 10% per year compound interest and will
pay the principal and all the interest after 3 years. Compute the annual interest and total amount
due after 3 years. Graph the interest and total owed for each year and compare with the previous
example that involved simple interest.
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Solution:
To include compounding of interest, the annual interest and total owed each year are calculated
by Equation [9]:

Interest, year 1: 100,000(0.10) = $10,000
Total due, year 1: 100,000 + 10,000 = $110,000
Interest, year 2: 110,000(0.10) = $11,000
Total due, year 2: 110,000 + 11,000 = $121,000
Interest, year 3: 121,000(0.10) = $12,100
Total due, year 3: 121,000 + 12,100 = $133,100

Alternatively, using equation [11]:
The total amount due at the end of each year is:

Year 1: $100,000(1.10)! = $110,000
Year 2: $100,000(1.10) = $121,000

2.10 Minimum Attractive Rate of Return

For any investment to be profitable, the investor (corporate or individual) expects to receive
more money than the amount of capital invested. In other words, a fair rate of return, or return on
investment, must be realizable. The definition of ROR in Equation [5] is used in this discussion,
that is, amount earned divided by the principal.

The Minimum Attractive Rate of Return (MARR) is a reasonable rate of return established for
the evaluation and selection of alternatives. A project is not economically viable unless it is
expected to return at least the MARR. MARR is also referred to as the hurdle rate, cutoff rate,
benchmark rate, and minimum acceptable rate of return.

The MARR is not a rate that is calculated as a ROR. The MARR is established by (financial)
managers and is used as a criterion against which an alternative’s ROR is measured, when
making the accept/reject investment decision.

Although the MARR is used as a criterion to decide on investing in a project, the size of MARR
is fundamentally connected to how much it costs to obtain the needed capital funds. It always
costs money in the form of interest to raise capital. The interest, expressed as a percentage rate
per year, is called the cost of capital.

In general, capital is developed in two ways: equity financing and debt financing. A combination
of these two is very common for most projects and will be discussed in subsequent sections.

Equity Financing: the corporation uses its own funds from cash on hand, stock sales, or retained
earnings. Individuals can use their own cash, savings, or investments.
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Debt Financing: the corporation borrows from outside sources and repays the principal and
interest according to some schedule. Sources of debt capital may be bonds, loans, mortgages,
venture capital pools, and many others.

The opportunity cost is the rate of return of a forgone opportunity caused by the inability to
pursue a project. Numerically, it is the largest rate of return of all the projects not accepted
(forgone) due to the lack of capital funds or other resources. When no specific MARR is
established, the de facto MARR is the opportunity cost, i.e., the ROR of the first project not
undertaken due to unavailability of capital funds.

2.11 Section Summary

Engineering economy is the application of economic factors and criteria to evaluate alternatives,
considering the time value of money. The engineering economy study involves computing a
specific economic measure of worth for estimated cash flows over a specific period of time.

The concept of equivalence helps in understanding how different sums of money at different
times are equal in economic terms. The differences between simple interest (based on principal
only) and compound interest (based on principal and interest upon interest) have been described
in formulas, tables, and graphs. This power of compounding is very noticeable, especially over
extended periods of time, and for larger sums of money.

The MARR is a reasonable rate of return established as a hurdle rate to determine if an

alternative is economically viable. The MARR is always higher than the return from a safe
investment and the cost to acquire needed capital.

3 Factors in Engineering Economy

3.1 Single-Amount Factors (F/P and P/F)

F=P+i)"=P(F/P,i,n) [12]
P=F@+i)"=F(P/F,i,n) [13]

The term multiplying P in Equation [12] is called the Single Payment Compound Amount
Factor (SPCAF). The term multiplying F in Equation [13] is called the Single Payment Present
Worth Factor (SPPWF).

Example 11:
Mary, a manufacturing engineer, just received a year-end bonus of $10,000 that will be invested
immediately. With the expectation of earning at the rate of 8% per year, Mary hopes to take the

entire amount out in exactly 20 years to pay for a family vacation when the oldest daughter is
due to graduate from college. Find the amount of funds that will be available in 20 years.
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Solution:

P =$10,000 F=7? i=8% peryear n=20 years

Applying equation [12]: F = P(1 + i)" = 10,000(1.08)?° = 10,000(4.6610) = $46,610
Alternatively: F = P(F/P, i, n) = 10,000(4.6610) = $46,610, where (F/P, 8%, 20) is obtained
from Table 13 at the end of the document.

The equivalency statement is: If Mary invests $10,000 now and earns 8% per year every year for
20 years, $46,610 will be available for the family vacation.

Example 12:

A Cement factory required an investment of $200 million to construct in year 2012. Delays
beyond the anticipated implementation year of 2012 will require additional money to construct
the factory. Assuming that the cost of money is 10% per year, compound interest, determine the
following for the board of directors that plans to develop the plant.

(a) The equivalent investment needed if the plant is built in 2015.
(b) The equivalent investment needed had the plant been constructed in the year 2008.

Solution:

Figure 7 is a cash flow diagram showing the expected investment of $200 million ($200 M) in
2012, which we will identify as time t = 0. The required investments 3 years in the future and 4
years in the past are indicated by Fz = ? and P4 = ?, respectively.

Fy=T

i -3 z 1 o 1 i L T
|
T

i
a | | | | | 2
I T T T T 1
2008 2009 20010 2011 20IZ 3013 204 W15 Year

P

£200 M

Figure 7 Cash Flow Diagram for Example 12

(a) To find the equivalent investment required in 3 years, apply the F/P factor. Use $1 million
units and the tabulated value for 10% interest.

Fz =P(F/P, i, n) = 200M(F/P, 10%, 3) = 200M(1.3310) = $266.2M = $266,200,000, where (F/P,
10%, 3) is obtained from Table 15 at the end of the document.

(b) The year 2008 is 4 years prior to the planned construction date of 2012. To determine the
equivalent cost 4 years earlier, consider the $200 M in 2012 (t = 0) as the future value F
and apply the P/F factor for n = 4 to find P-s. (Refer to Figure 7).

P4 = F(P/F, i, n) = 200M(P/F, 10%, 4) = 200M(0.6830) = $136.6M = $136,600,000, where
(F/P, 10%, 4) is obtained from Table 15 at the end of the document.
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This equivalence analysis indicates that at $136.6 M in 2008, the plant would have cost about
68% as much as in 2012, and that waiting until 2015, will cause the price tag to increase about
33% to $266 M.

3.2 Uniform Series Present Worth Factor and Capital Recovery Factor ( P/A
and A/P)

P=A[(L+i)- 1J/i(L +i)"= A(PIA, i,n) [14]
A=P[i(L+)V[L+i)"-1] [15]

The term multiplying A in Equation [14] is the conversion factor referred to as the Uniform
Series Present Worth Factor (USPWF). It is the P/A factor used to calculate the equivalent P
value in year 0 for a uniform end-of-period series of A values beginning at the end of period 1
and extending for n periods. The cash flow diagram is Figure 8.

T

Figure 8 Cash Flow Diagram Used to Determine P, Given a Uniform Series A

To reverse the situation, the present worth P is known and the equivalent uniform series amount
A is sought (Figure 9). The first A value occurs at the end of period 1, that is, one period after P
occurs. The term multiplying P in Equation [15] is called the Capital Recovery Factor (CRF).

ENEE

Figure 9 Cash Flow Diagram Used to Determine A, Given a Present Worth P

Example 13:

How much money should you be willing to pay now for a guaranteed $600 per year for 9 years
starting next year, at a rate of return of 16% per year?

Solution:

The cash flows follow the pattern of Figure 8, with A = $600, i = 16%, and n = 9. The

present worth is:

P = 600(P/A, 16%, 9) = 600(4.6065) = $2763.90, where (P/A, 16%, 9) is obtained from Table 20
at the end of the document.
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3.3 Sinking Fund Factor and Uniform Series Compound Amount Factor ( A/F
and F/A)

A=Fil[(1+i)"-1] = F(A/F,i,n) [16]
F=A[(L+i)"-1)i=A(F/A i,n) [17]

The term multiplying F in Equation [16] is called the Sinking Fund Factor (SFF). The uniform
series A begins at the end of year (period) 1 and continues through the year of the given F. The
last A value and F occur at the same time as shown in Figure 10.

F = givem

1= given
0 1 2 n-2 w1 n

1 'L 1 1
¥ - -

Figure 10 Caéh Flow Diagram to Find A Given F
The term multiplying A in Equation [17] is called the Uniform Series Compound Amount

Factor (USCAF). It is important to remember that the future amount F occurs in the same period
as the last A as shown in Figure 11.

Figure 11 Cash Flow Diagram to Find F Given A

Example 14:

The president of a company wants to know the equivalent future worth of a $1 million capital
investment each year for 8 years, starting 1 year from now. The company’s capital earns at a rate
of 14% per year.

Solution:

The cash flow diagram (Figure 12) shows the annual investments starting at the end of year 1
and ending in the year the future worth is desired. In $1000 units, the F value in year 8 is found

by using the F/A factor.

F = 1000(F/A, 14%, 8) = 1000(13.2328) = $13,232.80, where (F/A, 14%, 8) is obtained from
Table 18 at the end of the document.
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A = §1000

Figure 12 Cash Flow Diagram for Example 14

3.4 Arithmetic Gradient Factor (P/Gand A/G)

An Arithmetic Gradient series is a cash flow series that either increases or decreases by a
constant amount each period. The amount of change is called the Gradient.

P = G{[(1 +i)" = 1J/i(L + )" - n/(L + )"} = G(P/G, i, n)  [18]
Ac=G[L/i—n/[(L+i)"-1] = G(A/G, i,n) [19]
Fo= G{UM[(L+i)"-1)/i-n} [20]

Equation [18] converts an Arithmetic Gradient G, starting with a zero value at year 1, and
increasing by an amount G every year for n years into a P value at year 0 (Figure 13). The factor
multiplying G in Equation [18] is called the Arithmetic Gradient Present Worth Factor
(AGPWF).

i — T
{m __:_l"n .
(m— 17

Figure 13 Cash Flow Diagram to Find P Given G

Equation [19] converts an Arithmetic Gradient G, starting with a zero value at year 1, and
increasing by an amount G every year for n years into an A value, where the first A value starts at
year 1 (Figure 14). The factor multiplying G in Equation [19] is called the Arithmetic Gradient
Uniform Series Factor (AGUSF).

.
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Figure 14 Cash Flow Diagram to Find A Given G

Equation [20] converts an Arithmetic Gradient G, starting with a zero value at year 1, and
increasing by an amount G every year for n years into an F value at year n. The factor
multiplying G in Equation [20] is called the Arithmetic Gradient Future Worth Factor (AGFWF).

Example 15:

The Highway Department expects the cost of maintenance for a piece of heavy construction
equipment to be $0 in year 1, to be $500 in year 2, and to increase annually by $500 through year
10. At an interest rate of 10% per year, determine the present worth of 10 years of maintenance
costs.

Solution:

P = 500(P/G, i, n) = 500(P/G, 10%, 10) = 500(22.8913) = $11,445.65, where (P/G, 10%, 10) is
obtained from Table 15 at the end of the document.

Example 16:

The Highway Department expects the cost of maintenance for a piece of heavy construction
equipment to be $5000 in year 1, to be $5500 in year 2, and to increase annually by $500 through
year 10. At an interest rate of 10% per year, determine the present worth of 10 years of
maintenance costs.

Answer:

The cash flow includes a base amount of $5000 starting in year 1 and an increasing gradient with

G = $500, where the first value of G is 0 at year 1.
P = 5000(P/A, 10%, 10) + 500(P/G, 10%, 10) = 5000(6.1446) + 500(22.8913) = $42,169, where
(P/A, 10%, 10) and (P/G, 10%, 10) are obtained from Table 15 at the end of the document.

Example 17:

Assume the amount planned for investment for 2013 is $100 M with constant decreases of $25M
each year thereafter and stops at 2016, and the time value of money for investment capital is 10%
per year. Determine PW at year 2012.

Solution:
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Figure 15 Cash Flow Diagram for Decreasing Gradient for Example 16

This is the case of a decreasing gradient, which will be solved by deducting an increasing
gradient from a uniform series as shown in Figure 15.

Pt = Pa - Pc = 100(P/A, 10%, 4) - 25(P/G, 10%, 4) = 100(3.1699) — 25(4.3781) = $207.537M =
$207,537,000, where (P/A, 10%, 4) and (P/G, 10%, 4) are obtained from Table 15 at the end of
the document.

3.5 Calculations for Cash Flows that are Shifted

When a uniform series begins at a time other than at the end of period 1, it is called a shifted
series. In this case several methods can be used to find the equivalent present worth P. For
example, P of the uniform series shown in Figure 15 could be determined by any of the
following methods:

e Use the P/F factor to find the present worth of each disbursement at year 0 and
add them.

e Use the F/P factor to find the future worth of each disbursement in year 13, add them,
and then find the present worth of the total using P = F(P/F, i, 13).

e Use the F/A factor to find the future amount F = A(F/A ,i, 10), and then compute the
present worth using P = F(P/F, i, 13).

e Use the P/A factor to compute the “present worth” (which will be located in year 3 not
year 0), and then find the present worth in year 0 by using the (P/F, i ,3) factor. (Present
worth is enclosed in quotation marks here only to represent the present worth as
determined by the P/A factor in year 3, and to differentiate it from the present worth in
year 0.)

Typically, the last method is used. For Figure 16, the “present worth” obtained using the P/A
factor is located in year 3. This is shown as in Figure 17. Remember, the present worth is
always located one period prior to the first uniform-series amount when using the P/A
factor.

27



4=53

Figure 16 Uniform Series that is Shifted
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Figure 17 Location of PW for the Shifted Uniform Series in Figure 16
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Figure 18 Placement of F and Renumbering for n for the Shifted Uniform Series

To determine a future worth or F value, recall that the F/A factor has the F located in the same
period as the last uniform-series amount. Figure 18 shows the location of the future worth when
F/A is used for Figure 16 cash flows.

Remember, the future worth is always located in the same period as the last uniform-series
amount when using the F/A factor.

It is also important to remember that the number of periods n in the P/A or F/A factor is equal to
the number of uniform-series values. It may be helpful to renumber the cash flow diagram to
avoid errors in counting. Figure 18 shows Figure 16 renumbered to determine n = 10.

As stated above, there are several methods that can be used to solve problems containing a
uniform series that is shifted. However, it is generally more convenient to use the uniform-series
factors than the single-amount factors. There are specific steps that should be followed in order
to avoid errors:

Draw a diagram of the positive and negative cash flows.

Locate the present worth or future worth of each series on the cash flow diagram.
Determine n for each series by renumbering the cash flow diagram.

Set up and solve the equations.

Example 18:
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An engineering technology group just purchased new software package for $5000 now and
annual payments of $500 per year for 6 years starting 3 years from now for annual upgrades.
What is the present worth of the payments if the interest rate is 8% per year?

Solution:

The cash flow diagram is shown in Figure 19. The symbol Pa is used throughout this chapter to
represent the present worth of a uniform annual series A, and P’ represents the present worth at
a time other than period 0. Similarly, Pt represents the total present worth at time 0. The correct
placement of P’a and the diagram renumbering to obtain n are also indicated. Note that P’a is
located in actual year 2, not year 3. Also, n = 6, not 8, for the P/A factor. First find the value of
P’ of the shifted series.

P’a= $500(P/A, 8%, 6)
Fo=7

r =j pies i= 8% per year
N I I IR A R
[ | :l :J-*=3:»jcl' 41 5|, .51 ;

P, = 55000
Figure 19 Cash Flow Diagram with Placement of P Values, Example 18

Since P’ais located in year 2, now find Pa in year 0.
Pa = P ’A(P/F, 8%, 2)

The total present worth is determined by adding Pa and the initial payment Po in year 0.
Pt = Po + Pa= 5000 + 500(P/A, 8%, 6)(P/F, 8%, 2) = 5000 + 500(4.6229)(0.8573) = $6981.60,

To determine the present worth for a cash flow that includes both uniform series and single
amounts at specific times, use the P/F factor for the single amounts and the P/A factor for the
series. To calculate A for the cash flows, first convert everything to a P value in year 0, or an F
value in the last year. Then obtain the A value using the A/P or A/F factor, where n is the total
number of years over which the A is desired.

Many of the considerations that apply to shifted uniform series apply to gradient series as well.
Recall that a conventional gradient series starts between periods land 2 of the cash flow
sequence. A gradient starting at any other time is called a shifted gradient. The n value in the
P/G and A/G factors for the shifted gradient is determined by renumbering the time scale. The
period in which the gradient first appears is labeled period 2. The n value for the factor is
determined by the renumbered period where the last gradient increase occurs. The P/G factor
values and placement of the gradient series present worth Pg for the shifted arithmetic gradients
in Figure 20 are indicated.
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(PG, 6%, T)= 15.4497 for P, in year 2
Figure 20 Determination of G and n Values Used in Factors for Shifted Gradients

It is important to note that the A/G factor cannot be used to find an equivalent A value in periods
1 through n for cash flows involving a shifted gradient. Consider the cash flow diagram of Figure
21. To find the equivalent annual series in years 1 through 10 for the gradient series only, first
find the present worth of the gradient in year 5, take this present worth back to year 0, and then
annualize the present worth for 10 years with the A/P factor. If the annual series gradient factor
(A/G, 1, 5) is applied directly, the gradient is converted into an equivalent annual series over
years 6 through 10 only.

Fy=7
0 103 4 :'-| 5 7 10 Year
| | | | | |

1 i 0
I*’l‘**‘{li‘l]llS-&iGﬂﬁma

10 510 §10 510 10
§350
_ g2 3635
G =313 350
et 595
(PG, 6%, 5) = T9345 for Py in year 5 3110

Figure 21 Determination of G and n Values Used in Factors for Shifted Gradients

Remember, to find the equivalent A series of a shifted gradient through all the periods, first
find the present worth of the gradient at actual time 0, then apply the (A/P, i, n) factor.

3.6 Section Summary

In this Section, formulas were presented that make it relatively easy to account for the time value
of money. In order to use the formulas correctly, certain things must be remembered:

e When using the P/A or A/P factors, the P and the first A value are separated by one

interest period.
e When using the F/A or AF factors, the F and the last A value are in the same interest

period.
e The nin the uniform series formulas is equal to the number of A values involved.

e Arithmetic gradients change by a uniform amount from one interest period to the next,
and there are two parts to the equation: a uniform series that has an A value equal to the
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magnitude of the cash flow in period 1 and the gradient that has the same n as the
uniform series.

e For shifted gradients, the change equal to G occurs between periods 1 and 2. This
requires renumbering the cash flows to properly identify which ones are accounted for in
the gradient equations.

e For decreasing arithmetic gradients, it is necessary to change the sign in front of the P/G
or A/G factors from plus to minus.

4 Nominal and Effective Interest Rates

4.1 Introduction

In all engineering economy relations developed thus far, the interest rate has been a constant,
annual value. For a substantial percentage of the projects evaluated by professional engineers in
practice, the interest rate is compounded more frequently than once a year; frequencies such as
semiannually, quarterly, and monthly are common. In fact, weekly, daily, and even continuous
compounding may be experienced in some project evaluations.

Also, in our own personal lives, many of the financial considerations such as loans of all types
(home mortgages, credit cards, automobiles, boats), checking and savings accounts, investments,
stock option plans, etc. have interest rates compounded for a time period shorter than 1 year.
This requires the introduction of two new terms: nominal and effective interest rates.

This section explains how to understand and use nominal and effective interest rates in
engineering practice and in daily life situations. Equivalence calculations for any compounding
frequency in combination with any cash flow frequency are presented.

4.2 Nominal and Effective Interest Rate Statements

In Section 1, the primary difference between simple interest and compound interest was
explained, i.e. compound interest includes interest on the interest earned in the previous period,
while simple interest does not. Here, nominal and effective interest rates, which have the same
basic relationship, will be discussed. The difference here is that the concepts of nominal and
effective must be used when interest is compounded more than once each year. For example, if
an interest rate is expressed as 1% per month, the terms nominal and effective interest rates
must be considered.

To understand and correctly handle effective interest rates is important in engineering practice,
as well as for individual finances. The interest amounts for loans, mortgages, bonds, and stocks
are commonly based upon interest rates compounded more frequently than annually. The
engineering economy study must account for these effects. In personal finances, most cash
disbursements and receipts are managed on a non-annual time basis. Again, the effect of
compounding more frequently than once per year is present.
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A nominal interest rate r is an interest rate that does not account for compounding. By
definition:

r = interest rate per time period x number of periods [21]
A nominal rate may be calculated for any time period longer than the time period stated by

using Equation [21]. For example, the interest rate of 1.5% per month is the same as each of the
following nominal rates:

Time Period Nominal Rate
24 months 1.5 = 24 = 36% MNominal rate per 2 years
12 months 1.5 12 = 18% MNominal rate per 1 year
& months 1.5 6 = 0% MNominal rate per & months
3 maonths 1 4.5% MNominal rate per 3 months

Note that none of these rates mention anything about compounding of interest; they are all of the
form “ r % per time period.” These nominal rates are calculated in the same way that simple
rates are calculated using Equation [8], that is, interest rate times number of periods.

After the nominal rate has been calculated, the compounding period (CP) must be included in
the interest rate statement. As an illustration, again consider the nominal rate of 1.5% per month.
If we define the CP as 1 month, the nominal rate statement is 18% per year, compounded
monthly, or 4.5% per quarter, compounded monthly. Now, an effective interest rate can be
considered.

An effective interest rate i is a rate wherein the compounding of interest is taken into account.
Effective rates are commonly expressed on an annual basis as an effective annual rate; however,
any time basis may be used.

The most common form of interest rate statement when compounding occurs over time periods
shorter than 1 year is “% per time period, compounded CP-ly,” for example, 10% per year,
compounded monthly, or 12% per year, compounded weekly. An effective rate may not always
include the compounding period in the statement. If the CP is not mentioned, it is understood to
be the same as the time period mentioned with the interest rate. For example, an interest rate of
“1.5% per month” means that interest is compounded each month; that is, CP is 1 month. An
equivalent effective rate statement, therefore, is 1.5% per month, compounded monthly.

All of the following are effective interest rate statements because either they state they are
effective or the compounding period is not mentioned. In the latter case, the CP is the same as
the time period of the interest rate.

Statement CF What This Is

§= 10%: per year CP not stated; CP = year Effective rte per year

§ = pffective 10% per year, CP stated; CP = month Effective rate per year
compounded monthly

i = 13% per month CP not stated; CP = month  Effective rte per month

J= affective 11% per month CP stated; CP = month Effective raie per month; terms affective
compounded monthly anil componded moadhly are redundant

§= pffective 3% per quarier, CP stated; CP = day Effective rate per quartar

compounded daily
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All nominal interest rates can be converted to effective rates as will be seen later. All interest
formulas, factors, tabulated values, and spreadsheet functions must use an effective interest rate
to properly account for the time value of money.

The term APR (Annual Percentage Rate) is often stated as the annual interest rate for credit
cards, loans, and house mortgages. This is the same as the nominal rate. An APR of 15% is the
same as a nominal 15% per year or a nominal 1.25% on a monthly basis. Also the term APY
(Annual Percentage Yield) is a commonly stated annual rate of return for investments,
certificates of deposit, and saving accounts. This is the same as an effective rate. The names are
different, but the interpretations are identical. As will be shown in the following sections, the
effective rate is always greater than or equal to the nominal rate, and similarly APR < APY.

Based on these descriptions, there are always three time-based units associated with an interest
rate statement:

Interest Period (t): The period of time over which the interest is expressed. This is the t in the
statement of r % per time period t , for example, 1% per month. The time unit of 1 year is by far
the most common. It is assumed when not stated otherwise.

Compounding Period (CP): The shortest time unit over which interest is charged or earned.
This is defined by the compounding term in the interest rate statement, for example, 8% per year,
compounded monthly. If CP is not stated, it is assumed to be the same as the interest period.

Compounding Frequency (m): The number of times that compounding occurs within the
interest period t. If the compounding period CP and the time period t are the same, the
compounding frequency is 1, for example, 1% per month, compounded monthly.

Consider the (nominal) rate of 8% per year, compounded monthly. It has an interest period t of 1
year, a compounding period CP of 1 month, and a compounding frequency m of 12 times per
year. A rate of 6% per year, compounded weekly, has t = 1 year, CP = 1 week, and m = 52, based
on the standard of 52 weeks per year.

In previous sections, all interest rates had t and CP values of 1 year, so the compounding
frequency was always m = 1. This made them all effective rates, because the interest period and
compounding period were the same. Now, it will be necessary to express a nominal rate as an
effective rate on the same time base as the compounding period.

An effective rate can be determined from a nominal rate by using the relation:

Effective rate per CP =r % per time period t/ m compounding periods pert =r/m [22]
As an illustration, assume r = 9% per year, compounded monthly; then m = 12. Equation [22] is
used to obtain the effective rate of 9%/12 = 0.75% per month, compounded monthly. Note that
changing the interest period t does not alter the compounding period, which is 1 month in this

illustration. Therefore, r = 9% per year, compounded monthly, and r = 4.5% per 6 months,
compounded monthly, are two expressions of the same interest rate.
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Example 19:

Three different bank loan rates for electric generation equipment are listed below. Determine the
effective rate on the basis of the compounding period for each rate:

(a) 9% per year, compounded quarterly.
(b) 9% per year, compounded monthly.
(c) 4.5% per 6 months, compounded weekly.

Solution:
Apply Equation [22] to determine the effective rate per CP for different compounding periods.

The graphic in Figure 22 indicates the effective rate per CP and how the interest rate is
distributed over time.

Effective
Mominal Compounding Compounding Rate per
rk pert Period {CP) Frequency im) CP ||.:1l| Distribution ower Time Period t
(=) 9% par Chuarter 1 E20% 217 137% 125%
Year
- 3 + Quartar
slalela &
(&) 9% per Month 12 0.75% i- =
year 2 3 5 6 g o 1d Month
p— N Ve — —
Pl i -
() 4.5% per Weak 26 0173%
& momths
12 14 16 25 Weak

Figure 22 Relations between Interest Period t, Compounding Period CP, and Effective
Interest Rate per CP

4.3 Effective Interest Rates for any Time Period
Effective i per time period = (1 +r/m)™-1 [23]

where i = effective rate for specified time period (say, semi-annual)
r = nominal interest rate for same time period (semi-annual)
m = number of times interest is compounded per stated time period (times per 6 months)

The term r/m is always the effective interest rate over a compounding period CP, and m is
always the number of times that interest is compounded per the time period on the left of the
equals sign in Equation [23].

When the compounding is continuously:

i=e' -1 [24]
Example 20:
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To get a clear understanding of finance costs, a management company asked the engineer to
determine the effective semi-annual and annual interest rates for four bids. The bids are as
follows:

Bid 1: 9% per year, compounded quarterly

Bid 2: 3% per quarter, compounded quarterly
Bid 3: 8.8% per year, compounded monthly
Bid 4: 18% per year compounded daily

Bid 5: 15% per year compounded continuously

(a) Determine the effective annual rate for each bid?
(b) What are the effective semi-annual rates for each bid?

Solution:

(@) Bid 1:i=(1 +0.09/4)* - 1=9.31%
Bid 2:i=(1+0.03)* — 1 = 12.55% (3% per quarter is 12% per year)
Bid 3:i=(1+0.088/12)!? - 1=9.16%
Bid 4:i= (1 +0.18/365)*° - 1 =19.716%
Bid 5:i=¢e%%-1=16.183%

(b) Bid 1: i = (1 + 0.045/2)2 — 1 = 4.55% (9% per year is 4.5% per semi-year)
Bid 2: i = (1 + 0.06/2)> — 1 = 6.09% (3% per quarter is 6% per semi-year)
Bid 3:i = (1 + 0.044/6)® — 1 = 4.48%

Bid 4: i = (1 + 0.09/182)'%? — 1 = 9.415%
Bid 5:i=¢%0°_1=7.788%

Example 21:

For the past 7 years, a company has paid $500 every 6 months for a software maintenance
contract. What is the equivalent total amount after the last payment, if these funds are taken
from a pool that has been returning 8% per year, compounded quarterly?

Solution:

The compounding is quarterly:

F (after 7 years or 14 semi-years) = 500(F/A, ieff-semi-year, 14)
leff-semi-year = (1 + 0.04/2)2 —-1=4.04%

F = $500(18.3422) = $9171.09

Example 22:

Over the past 10 years, a company has placed varying sums of money into a special capital
accumulation fund. The company sells compost produced by garbage-to-compost. Figure 23 is
the cash flow diagram in $1000 units. Find the amount in the account after 10 years at an interest
rate of 12% per year, compounded semiannually.
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33000

Figure 23 Cash Flow Diagram, Example 22

Solution:

The problem is solved in two ways:
(a) The unit of time is years (All factors are obtained from equation [12]):
i=(1+0.12/2)2-1= 12.36%
F = 1000(F/P, 12.36%, 10) + 3000(F/P, 12.36%, 6) + 1500(F/P, 12.36%, 4)
F =1000(3.2071) + 3000(2.0122) + 1500(1.5938) = $11,634 millions

(b) The unit of time is semi-year:

i = 12%/2 = 6% per semi-year (All factors are obtained from Table 11 at the end of the
document):

F = 1000(F/P, 6%, 20) + 3000(F/P, 6%, 12) + 1500(F/P, 6%, 8)

4.4 Summary

Since many real-world situations involve cash flow frequencies and compounding periods other
than 1 year, it is necessary to use nominal and effective interest rates.

All engineering economy factors require the use of an effective interest rate. The i and n values
placed in a factor depend upon the type of cash flow series. If only single amounts ( P and F ) are
present, there are several ways to perform equivalence calculations using the factors. However,
when series cash flows ( A, G, and g ) are present, only one combination of the effective rate |
and number of periods n is correct for the factors. This requires that the relative lengths of PP
and CP be considered as i and n are determined. The interest rate and payment periods must
have the same time unit for the factors to correctly account for the time value of money.
From one year (or interest period) to the next, interest rates will vary. To accurately perform
equivalence calculations for P and A when rates vary significantly, the applicable interest rate
should be used, not an average or constant rate.
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5 Present Worth Analysis

5.1 Introduction

In this section, techniques for comparing two or more mutually exclusive alternatives by the
present worth method are treated.

The nature of the economic proposals is always one of two types:

Mutually exclusive alternatives: Only one of the proposals can be selected. For terminology
purposes, each viable proposal is called an alternative.

Independent projects: More than one proposal can be selected. Each viable proposal is called a
project.

The do-nothing (DN) proposal is usually understood to be an option when the evaluation is
performed. The DN alternative or project means that the current approach is maintained; nothing
new is initiated. No new costs, revenues, or savings are generated.

It is important to recognize the nature of the cash flow estimates before starting the computation
of a measure of worth that leads to the final selection. Cash flow estimates determine whether the
alternatives are revenue or cost-based. All the alternatives or projects must be of the same type
when the economic study is performed. Definitions for these types follow:

Revenue: Each alternative generates cost (cash outflow) and revenue (cash inflow) estimates,
and possibly savings, also considered cash inflows. Revenues can vary for each alternative.

Cost: Each alternative has only cost cash flow estimates. Revenues or savings are assumed equal
for all alternatives; thus they are not dependent upon the alternative selected. These are also
referred to as service alternatives.

5.2 Present Worth Analysis of Equal-Life Alternatives

The PW comparison of alternatives with equal lives is straightforward. The present worth P is
renamed PW of the alternative. The present worth method is quite popular in industry because all
future costs and revenues are transformed to equivalent monetary units NOW; that is, all
future cash flows are converted (discounted) to present amounts (e.g., dollars) at a specific rate
of return, which is the MARR. This makes it very simple to determine which alternative has the
best economic advantage. The required conditions and evaluation procedure are as follows: If the
alternatives have the same capacities for the same time period (life), the equal-service
requirement is met. Calculate the PW value at the stated MARR for each alternative.

For mutually exclusive (ME) alternatives, whether they are revenue or cost alternatives, the

following guidelines are applied to justify a single project or to select one from several
alternatives.
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One alternative: If PW > 0, the requested MARR is met or exceeded and the alternative is
economically justified.

Two or more alternatives: Select the alternative with the PW that is numerically largest, that
is, less negative or more positive. This indicates a lower PW of cost for cost alternatives or a
larger PW of net cash flows for revenue alternatives.

For independent projects, each PW is considered separately, that is, compared with the DN
project, which always has PW = 0. The selection guideline is as follows:

One or more independent projects: Select all projects with PW > 0 at the MARR.
Example 23:

A university lab is a research contractor to a company for in-space fuel cell systems that are
hydrogen and methanol-based. During lab research, three equal-service machines need to be
evaluated economically. Perform the present worth analysis with the costs shown below. The
MARR is 10% per year.

Electric-Powered  Gas-Powered  Solar-Powered
3500 UL

o0 5
350 100

g

First cost, §

Anmual operating cost (AOC), $/year !
Salvage value 5, § A
Life. years

+
oo &S

Solution:

These are cost alternatives. The salvage values are considered a “negative” cost, so a + sign
precedes them. (If it costs money to dispose of an asset, the estimated disposal cost has a - sign.)
The PW of each machine is calculated at i = 10% for n = 8 years. Use subscripts E , G , and S.

PWE = - 4500 - 900(P/A, 10%, 8) + 200(P/F, 10%, 8) = $ -9208
PWo = - 3500 - 700(P/A, 10%, 8) + 350(P/F, 10%, 8) = $ -7071
PWs = - 6000 - 50(P/A, 10%, 8) + 100(P/F, 10%, 8) = $ -6220

Where (P/A, 10%, 8) and (P/F, 10%, 8) are obtained from Table 13 at the end of the document.
The solar-powered machine is selected since the PW of its costs is the lowest; it has the
numerically largest PW value.

5.3 Present Worth Analysis of Different-Life Alternatives

When the present worth method is used to compare mutually exclusive alternatives that have
different lives, the equal-service requirement must be met. The procedure of Section 5.1 is
followed, with one exception:
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The PW of the alternatives must be compared over the same number of years and must end at the
same time to satisfy the equal-service requirement.

This is necessary, since the present worth comparison involves calculating the equivalent PW of
all future cash flows for each alternative. A fair comparison requires that PW values represent
cash flows associated with equal service. For cost alternatives, failure to compare equal service
will always favor the shorter-lived mutually exclusive alternative, even if it is not the more
economical choice, because fewer periods of costs are involved. The equal-service requirement
is satisfied by using either of two approaches:

LCM: Compare the PW of alternatives over a period of time equal to the least common
multiple (LCM) of their estimated lives.

Study period: Compare the PW of alternatives using a specified study period of n years. This
approach does not necessarily consider the useful life of an alternative. The study period is also
called the planning horizon.

For either approach, calculate the PW at the MARR and use the same selection guideline as that
for equal-life alternatives. The LCM approach makes the cash flow estimates extend to the same
period, as required. For example, lives of 3 and 4 years are compared over a 12-year period.

The first cost of an alternative is reinvested at the beginning of each life cycle, and the estimated
salvage value is accounted for at the end of each life cycle when calculating the PW values over
the LCM period. Additionally, the LCM approach requires that some assumptions be made about
subsequent life cycles.

The assumptions when using the LCM approach are that:

(a) The service provided will be needed over the entire LCM years or more.

(b) The selected alternative can be repeated over each life cycle of the LCM in exactly the same
manner.

(c) Cash flow estimates are the same for each life cycle.

Example 24:

A construction company plans to purchase new cut-and-finish equipment. Two manufacturers
offered the estimates below:

Wendor & Vendor B

First cost, § 15,1000 18,00}
Annual M&O cost, § per year 1.500 3,100
Salvage value. £ 1,000 2,000
Lifie, years G ]

Determine which vendor should be selected on the basis of a present worth comparison, if the
MARR is 15% per year.

Solution:
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Since the equipment has different lives, compare them over the LCM of 18 years. For life cycles
after the first, the first cost is repeated in year 0 of each new cycle, which is the last year of the
previous cycle. These are years 6 and 12 for vendor A and year 9 for B. The cash flow diagram is
shown in Figure 24. Calculate PW at 15% over 18 years, where (P/F, 15%, 6) and (P/F, 15%,
12), (P/F, 15%, 18), and (P/A, 15%, 18) are obtained from Table 19 at the end of the document:

PWa = - 15,000 - 15,000(P/F, 15%, 6) + 1000(P/F, 15%, 6) - 15,000(P/F, 15%, 12) + 1000(P/F,
15%, 12) + 1000(P/F, 15%, 18) - 3,500(P/A, 15%, 18) = $ -45,036

PWs = - 18,000 - 18,000(P/F, 15%, 9) + 2000(P/F, 15%, 9) + 2000(P/F, 15%, 18) - 3100(P/A,
15%, 18) = $ -41,384

T £2000 52000
. -

J‘iiimmmij’m

* 83100

Faar

L1E,000 18,000
Vendor B

Figure 25 Cash Flow Diagram for Different-Life Alternatives, Example 24

Vendor B is selected, since it costs less in PW terms; that is, the PWg value is numerically larger
than PWa.

5.4 Future Worth Analysis

The future worth (FW) of an alternative may be determined directly from the cash flows, or by
multiplying the PW value by the F/P factor, at the established MARR. The n value in the F/P
factor is either the LCM value or a specified study period. Analysis of alternatives using FW
values is especially applicable to large capital investment decisions when a prime goal is to
maximize the future wealth of a corporation’s stockholders.

Future worth analysis over a specified study period is often utilized if the asset (equipment, a
building, etc.) might be sold or traded at some time before the expected life is reached. Suppose
an entrepreneur is planning to buy a company and expects to trade it within 3 years. FW analysis
is the best method to help with the decision to sell or keep it 3 years hence.
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5.5 Summary

The present worth method of comparing alternatives involves converting all cash flows to
present dollars at the MARR. The alternative with the numerically larger (or largest) PW value is
selected. When the alternatives have different lives, the comparison must be made for equal-
service periods. This is done by performing the comparison over either the LCM of lives or a
specific study period. Both approaches compare alternatives in accordance with the equal-service
requirement. When a study period is used, any remaining value in an alternative is recognized
through the estimated future market value.

6 Annual Worth Analysis

6.1 Introduction

In this section, another alternative comparison tools is added. In section 5, the PW method was
explained. In this section, the equivalent annual worth, or AW, method. AW analysis is
explained and is commonly considered the more desirable of the two methods because the AW
value is easy to calculate; the measure of worth (AW in monetary units per year) is understood
by most individuals; and its assumptions are essentially identical to those of the PW method.

Annual worth is also known by other titles. Some are equivalent annual worth (EAW),
equivalent annual cost (EAC), annual equivalent (AE), and equivalent uniform annual cost
(EUAC). The alternative selected by the AW method will always be the same as that selected by
the PW method, and all other alternative evaluation methods, provided they are performed
correctly.

An additional application of AW analysis treated here is life-cycle cost (LCC) analysis. This
method considers all costs of a product, process, or system from concept to phase-out.

6.2 Annual Worth Analysis

The annual worth method offers a prime computational and interpretation advantage because the
AW value needs to be calculated for only one life cycle. The AW value determined over one life
cycle is the AW for all future life cycles. Therefore, it is not necessary to use the LCM of lives to
satisfy the equal-service requirement.

Example 25:

In Example 24, a company evaluated cut-and-finish equipment from vendor A (6-year life) and
vendor B (9-year life). The PW analysis used the LCM of 18 years. Consider only the vendor A
option now. The diagram in Figure 26 shows the cash flows for all three life cycles (first cost $
15,000; annual M&O costs $ -3500; salvage value $1000). Demonstrate the equivalence at i =
15% of PW over three life cycles and AW over one cycle. In Example 24, present worth for
vendor A was calculated as PW = $ -45,036.
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Solution:
Calculate the equivalent uniform annual worth value for all cash flows in the first life cycle:

AW = -15,000(A/P, 15%, 6) + 1000(A/F, 15%, 6) - 3500 = $ -7349, where (A/P, 15%, 6) and
(A/F, 15%, 6) are obtained from Table 19 at the end of the document.

When the same computation is performed on each succeeding life cycle, the AW value is $ -
7349. Now, the AW Equation is applied to the PW value for 18 years:

AW = -45,036(A/P, 15%, 18) = $ -7349, where (A/P, 15%, 18) is obtained from Table 19 at the
end of the document.

The one-life-cycle AW value and the AW value based on 18 years are equal.

sl

Figure 26 Cash Flow Diagram for Example 25

An alternative should have the following cash flow estimates:

Initial investment: This is the total first cost of all assets and services required to initiate the
alternative. When portions of these investments take place over several years, their present worth
is an equivalent initial investment. Use this amount as P.

Salvage value S: This is the terminal estimated value of assets at the end of their useful life.
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The S is zero if no salvage is anticipated; S is negative when it will cost money to dispose of the
assets. For study periods shorter than the useful life, S is the estimated market value or trade-in
value at the end of the study period.

Annual amount A: This is the equivalent annual amount (costs only for cost alternatives; costs
and receipts for revenue alternatives). Often this is the annual operating cost (AOC) or M&O
cost, so the estimate is already an equivalent A value.

The annual worth (AW) value for an alternative is comprised of two components: capital
recovery for the initial investment P at a stated interest rate (usually the MARR) and the
equivalent annual amount A. The symbol CR is used for the capital recovery component. In
equation form:

AW=CR+A [25]
Example 26:
Consider below the cash flow diagram of two alternatives and select the better one.

A B

Initial cost P, § 15000 20,000
Annual M&0O, § fyear 6,000 1,000
Refurbishment cost, § ] 2000 every 4 years

Irade-in value 5, % of P 20 40
Life, years | 12

Solution:

The best evaluation technique for these different-life alternatives is the annual worth method,
where AW is taken at 8% per year over the respective lives of 4 and 12 years. (All factors below
are obtained from Table 13 at the end of the document).

AW = annual equivalent of P - annual M&O + annual equivalent of S
=-15,000(A/P, 8%, 4) - 6000 + 0.2(15,000)(A/F, 8%, 4)
-15,000(0.30192) - 6000 + 3000(0.22192) = $ -9,863

AW = annual equivalent of P - annual M&O - annual equivalent of refurbishment +
annual equivalent of S
=-20,000(A/P, 8%, 12) - 9000 - 2000[(P/F, 8%, 4) + (P/F, 8%, 8)](A/P, 8%, 12) +
0.4(20,000)(A/F, 8%, 12)
=20,000(0.13270) — 900 - 2000[0.7350 + 0.5403](0.13270) + 8000(0.05270) = $ -11,571
Alternative A is considerably less costly on an annual equivalent basis, so choose Alternative A.
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6.3 Summary

The annual worth method of comparing alternatives is often preferred to the present worth
method, because the AW comparison is performed for only one life cycle. This is a distinct
advantage when comparing different-life alternatives. The AW for the first life cycle is the AW
for the second, third, and all succeeding life cycles, under certain assumptions. When a study
period is specified, the AW calculation is determined for that time period, regardless of the lives
of the alternatives.

7 Rate of Return Analysis

7.1 Introduction

The most commonly quoted measure of economic worth for a project or alternative is its rate of
return (ROR). Whether it is an engineering project with cash flow estimates or an investment in a
stock or bond, the rate of return is a well-accepted way of determining if the project or
investment is economically acceptable.

The ROR is known by other names such as the internal rate of return (IROR), which is the
technically correct term, and return on investment (ROI).

In some cases, more than one ROR value may satisfy the PW or AW equation. This section
describes how to recognize this possibility and an approach to find the multiple values.

7.2 Rate of Return Analysis

Rate of return (ROR) is the rate paid on the unpaid balance of borrowed money, or the rate
earned on the unrecovered balance of an investment, so that the final payment or receipt brings
the balance to exactly zero with interest considered.

The rate of return is the interest rate that makes the present worth or annual worth of a cash
flow series exactly equal to 0.

To determine the rate of return, develop the ROR equation using either a PW or AW relation, set
it equal to 0 and solve for the interest rate. Alternatively, the present worth of cash outflows
(costs and disbursements) PWo may be equated to the present worth of cash inflows (revenues
and savings) PW,.

The i value that makes these equations numerically correct is called i*. It is the root of the ROR

relation. To determine if the investment project’s cash flow series is viable, compare i* with the
established MARR.
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The guideline is as follows:

If i* > MARR, accept the project as economically viable.
If i* < MARR, the project is not economically viable.

Example 27:

Applications of green, lean manufacturing techniques coupled with value stream mapping can
make large financial differences over future years while placing greater emphasis on
environmental factors. Engineers have recommended to management an investment of $200,000
now in novel methods that will reduce the amount of wastewater, packaging materials, and other
solid waste in their consumer paint manufacturing facility. Estimated savings are $15,000 per
year for each of the next 10 years and an additional savings of $300,000 at the end of 10 years in
facility and equipment upgrade costs. Determine the rate of return.

Solution:

Use the trial-and-error procedure based on a PW equation. Figure 27 shows the cash flow
diagram.

Use PW = 0 for the ROR equation:

0 = -200,000 + 15,000(P/A, i*, 10) + 300,000(P/F, i*, 10)
200,000 = 450,000(P/F, i* ,10)

$300,000

$Z200,000

Figure 27 Cash Flow Diagram for Example 27

(P/F, i*,10) = 0.444
i* = 10.58% (by equation [13] or by interpolation between Table 15 and Table 16 at the end of
the document).

7.3 Summary

The rate of return of a cash flow series is determined by setting a PW-based or AW-based
relation equal to zero and solving for the value of i*. The ROR is a term used and understood by
almost everybody. Most people, however, can have considerable difficulty in calculating a rate
of return correctly for anything other than a conventional cash flow series.
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8 Benefit/Cost Analysis

8.1 Introduction

The evaluation methods of previous sections are usually applied to alternatives in the private
sector, that is, for-profit and not-for-profit corporations and businesses. This section introduces
public sector and service sector alternatives and their economic consideration. In the case of
public projects, the owners and users (beneficiaries) are the citizens and residents of a
government unit (city, county, state, province, or nation). Government units provide the
mechanisms to raise capital and operating funds.

Public-private partnerships have become increasingly common, especially for large infrastructure
projects such as major highways, power generation plants, water resource developments, and the
like.

The benefit/cost (B/C) ratio introduces objectivity into the economic analysis of public sector
evaluation, thus reducing the effects of politics and special interests. The different formats of
B/C analysis, and associated disbenefits of an alternative, are discussed here. The B/C analysis
can use equivalency computations based on PW, AW, or FW values. Performed correctly, the
benefit/cost method will always select the same alternative as PW, AW, and ROR

analyses.

A public sector project is a product, service, or system used, financed, and owned by the
citizens of any government level. The primary purpose is to provide service to the citizenry for
the public good at no profit. Areas such as public health, criminal justice, safety, transportation,
welfare, and utilities are publicly owned and require economic evaluation.

To perform a benefit/cost economic analysis of public alternatives, the costs (initial and annual),
the benefits, and the disbenefits, if considered, must be estimated as accurately as possible in
monetary units.

Costs: estimated expenditures to the government entity for construction, operation, and
maintenance of the project, less any expected salvage value.

Benefits: advantages to be experienced by the owners, the public.

Disbenefits: expected undesirable or negative consequences to the owners if the alternative is
implemented. Disbenefits may be indirect economic disadvantages of the alternative.

8.2 Benefit/Cost Analysis

The benefit/cost ratio is relied upon as a fundamental analysis method for public sector projects.
All cost and benefit estimates must be converted to a common equivalent monetary unit (PW,
AW, or FW) at the discount rate (interest rate). The B/C ratio is then calculated using one of
these relations:
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B/C = PW of benefits/PW of costs = AW of benefits/AW of costs = FW of benefits/FW of
costs [26]

The decision guideline is simple:

If B/C > 1.0, accept the project as economically justified for the estimates and discount rate
applied.

If B/C < 1.0, the project is not economically acceptable.

The conventional B/C ratio, probably the most widely used, is calculated as follows:

B/C = (benefits — disbenefits)/costs = (B — D)/IC [27]

In Equation [27], disbenefits are subtracted from benefits, not added to costs.

Example 28:

A company is evaluating a research project where the benefits are $8 million per year,
disbenefits are $0.6 million per year, and annual costs are $14.864 million per year. Is this

project beneficial?

Answer:

8.3 Summary

The benefit/cost method is used primarily to evaluate alternatives in the public sector. All
projects with B/C > 1.0 are selected provided there is no budget limitation. It is usually quite
difficult to make accurate estimates of benefits for public sector projects. The characteristics
of public sector projects are substantially different from those of the private sector: initial costs
are larger; expected life is longer; additional sources of capital funds include taxation, user fees,
and government grants; and interest (discount) rates are lower.

9 Inflation

9.1 Introduction

Inflation is an increase in the amount of money necessary to obtain the same amount of goods or
services before the inflated price was present.
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Purchasing power, or buying power, measures the value of a currency in terms of the quantity
and quality of goods or services that one unit of money will purchase. Inflation decreases the
purchasing ability of money in that less goods or services can be purchased for the same one unit
of money.

9.2 Inflation Analysis

If a cash flow series is expressed in today’s (constant-value) dollars, then its PW is the
discounted value using the real interest rate i.

If the cash flow is expressed in future dollars, the PW value is obtained using i as per equation
[28], where f is the inflation rate:

ir= i +f+if  [28]
Example 29:

Consider the following cash flow diagram: n = 30 years, F at 30 years = $ +50,000, i = 4% per
year compounded annually, A = $ +2500 per year, inflation rate f = 2.5% per year. Calculate the
PW (a) without taking inflation into consideration, and (b) taking inflation into consideration.

Answer:
(@) Without inflation: PW = 2500(P/A, 4%, 30) + 50,000(P/F, 4%, 30) = $58,645, where all

factors are obtained from Table 9 at the end of the document.

(b) With inflation: ir = i + f + if = 0.04 + 0.025 + (0.04)(0.025) = 0.066 or 6.6% PW =
2500(P/A, 6.6%, 30) + 50,000(P/F, 6.6%, 30) = $39,660, where all the factors are obtained
from equation [13].

10 Depreciation Methods

10.1 Introduction

Depreciation is a book method (non-cash) to represent the reduction in value of a tangible asset.
The method used to depreciate an asset is a way to account for the decreasing value of the asset
to the owner and to represent the diminishing value (amount) of the capital funds invested in it.
The annual depreciation amount is not an actual cash flow, nor does it necessarily reflect the
actual usage pattern of the asset during ownership.

Though the term amortization is sometimes used interchangeably with the term depreciation,
they are different. Depreciation is applied to tangible assets, while amortization is used to reflect
the decreasing value of intangibles, such as loans, mortgages, patents, trademarks, and goodwill.
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10.2 Straight Line (SL) Depreciation

Straight line depreciation derives its name from the fact that the book value decreases linearly
with time. The depreciation rate (d;) is the same (1/n) each year of the recovery period n.
Straight line depreciation is considered the standard against which any depreciation model is
compared.

The annual SL depreciation is determined by multiplying the first cost minus the salvage value
by d:. In equation form:

Di=(B-S)di=(B-S)/n [29]

wheret=vyear (t=1,2,...,n)
Dt = annual depreciation charge
B = first cost or unadjusted basis
S = estimated salvage value

n = recovery period

dy = depreciation rate = 1/n

Since the asset is depreciated by the same amount each year, the book value after t years of
service, denoted by BV:, will be equal to the first cost B minus the annual depreciation times t.

BVi=B-tD: [30]
Example 30:

If an asset has a first cost of $50,000 with a $10,000 estimated salvage value after 5 years, (a)
calculate the annual depreciation and (b) calculate the book value of the asset after each year,
using straight line depreciation.

Solution:

(a) The depreciation each year for 5 years can be found by Equation [29]:
Dt = (B - S)/n = (50,000 — 10,000)/5 = $8000

(b) The book value after each year t is computed using Equation [30]:
BV:=B -t Dt
BV: (at year 1) = 50,000 — 1(8000) = $42,000
BV: (at year 2) = 50,000 — 2(8000) = $34,000
BV3 (at year 3) = 50,000 — 3(8000) = $26,000
BV (at year 4) = 50,000 — 4(8000) = $18,000
BVs (at year 5) = 50,000 — 5(8000) = $10,000
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10.3 Declining Balance (DB) and Double Declining Balance (DDB)
Depreciation

The declining balance method is commonly applied as the book depreciation method.
Declining balance is also known as the fixed percentage or uniform percentage method. DB
depreciation accelerates the write-off of asset value because the annual depreciation is
determined by multiplying the book value at the beginning of a year by a fixed (uniform)
percentage d, expressed in decimal form.

The maximum annual depreciation rate for the DB method is twice the straight line rate, that is:
dmax=2/n  [31]

In this case the method is called double declining balance (DDB).

The depreciation in year t can be calculated using B and d:.

Di= dB(1-d)tt [32]

The book value in year t is determined in one of two ways: by using the rate d and basis B or by
subtracting the current depreciation charge from the previous book value. The equations are:

BVi=B(1-d)t [33]
BV:=BVt-1- Dy [34]

It is important to understand that the book value for the DB method never goes to zero, because
the book value is always decreased by a fixed percentage. The implied salvage value after n
years is the BV, amount, that is:
Implied S=BVa,=B (1-d)" [35]
If a salvage value is estimated for the asset, this estimated S value is not used in the DB or
DDB method to calculate annual depreciation. However, if the implied S < estimated S , it is
necessary to stop charging further depreciation when the book value is at or below the estimated
salvage value.
Example 31:
Equipment was purchased for use in specific applications. The equipment will be DDB
depreciated over an expected life of 12 years. There is a first cost of $25,000 and an estimated
salvage of $2500.

(a) Calculate the depreciation and book value for years 1 and 4.

(b) Calculate the implied salvage value after 12 years.
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Solution:

(a) The DDB fixed depreciation rate is d = 2/n = 2/12 = 0.1667 per year. Use Equations [32]
and [33]:
Year 1: D1 = (0.1667)(25,000)(1 - 0.1667)* =$4167
BV: = 25,000(1 - 0.1667)" = $20,833
Year 4: D4 = (0.1667)(25,000)(1 - 0.1667)** =$2411
BV4 = 25,000(1 - 0.1667)* = $12,054

(b) From Equation [35], the implied salvage value after 12 years is:
Implied S = 25,000(1 — 0.1667)'? = $2803
Since the estimated S = $2500 is less than $2803, the asset is not fully depreciated when
its 12-year expected life is reached.

10.4 Modified Accelerated Cost Recovery System (MACRS)

In the 1980s, the United States introduced MACRS as the required tax depreciation method
for all depreciable assets. MACRS determines annual depreciation amounts using the relations:

Di=d:B [36]
BVi=BVt1-Dt [37]
BV = first cost - sum of accumulated depreciation [38]

The basis B (or first cost P ) is completely depreciated; salvage is always assumed to be zero,
or S = $0.

Recovery periods are standardized to specific values:
n=3,5,7,10, 15, or 20 years for personal property (e.g., equipment or vehicles)
n = 27.5 or 39 years for real property (e.g., rental property or structures)

Depreciation rates provide accelerated write-off by incorporating switching between classical
methods.
The MACRS personal property depreciation rates (d: values) for n = 3, 5, 7, 10, 15, and 20 for

use in Equations [36], [37], and [38], and are included in Table below:
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Depreciation Rate (%) for Each MACRS Recovery Period in Years
Year n=13 n=>5 n=7 n=10 n=15 n=210

1 33.33 20.00 14.29 10.00 5.00 375

2 44.45 32.00 24.49 18.00 9.50 122

3 14.81 19.20 17.45 14.40 8.55 668

1 741 11.52 12.45 11.52 7.70 6.18

5 11.52 8.93 322 6.93 5.71

B 5.76 8.92 7.37 6.23 5.29

T 8.93 655 5.90 L§:)

B 41.46 655 5.90 452

] 656 581 446
10 B.55 5.90 446
11 328 581 446
12 5.90 446
13 581 446
14 5.90 446
15 591 446
16 2895 446
17-20 446
21 223

10.5 Summary

Depreciation may be determined for internal company records (book depreciation) or for income
tax purposes (tax depreciation). Depreciation does not result in cash flow directly. It is a book
method by which the capital investment in tangible property is recovered. The annual
depreciation amount is tax deductible, which can result in actual cash flow changes.

Some important points about the straight line and the declining balance methods are presented
below:

Straight Line (SL)

» It writes off capital investment linearly over n years.

* The estimated salvage value is always considered.

* This is the classical, non-accelerated depreciation model.

Declining Balance (DB)

* The method accelerates depreciation compared to the straight line method.

* The book value is reduced each year by a fixed percentage.

 The most used rate is twice the SL rate, which is called double declining balance (DDB).

« It has an implied salvage that may be lower than the estimated salvage.
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« It is not an approved tax depreciation method in the United States. It is frequently used for book
depreciation purposes.

Modified Accelerated Cost Recovery System (MACRS)

« It is the only approved tax depreciation system in the United States.

* It automatically switches from DDB or DB to SL depreciation.

» It always depreciates to zero; that is, it assumes S = 0.

* Recovery periods are specified by property classes.

* Depreciation rates are tabulated.

* The actual recovery period is 1 year longer due to the imposed half-year convention.

* MACRS straight line depreciation is an option, but recovery periods are longer than those for

regular MACRS.
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1% TABIEd Discrete Cash Flow: Compound Interest Factors 1%
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1.25%

TABLE 5 Discrete Cash Flow: Compound Interest Factors 1.25%
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1.5% TABLEG Discrete Cash Flow: Compound Interest Factors 1.5%
Singla Pagymants Uniform Saras Paymants Arithmetic Gradients
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2% TABIE 7 Discrete Cash Flow: Compound Interest Factors 2%
Single Payments Uniform Saries Paymants Asithmatic Gradiants
Compound Presant Sinking Compound Capital Presant Gradient Gradiant
Amount Wiorth Fund Amount Raoovary Worth Present Worth Uniform Saries
n FiF PiF AjF FiA AjP Fid PG AlE
1 10200 005 1K) 10000 103K 01 580
H LM 08612 0483506 2030 DE1505 1516 05612 04850
3 L0612 08423 .37 105 DMETS 23K ] (]
[1 10824 09238 [(FE [NF 026362 18077 GEIT 14752
5 LIMIL 08057 M.18Z1E [0 021316 L7135 03403 13604
B 11262 [LBEZD 01.15853 G.3081 17353 L0l 116801 2448
T LI4ET DLETOG 013451 TAMI [(TEH] EATZ0 185035 29208
B LITIT DREIG [T B.5E3 013651 13256 AT 33861
] W] [(FEE] 0.10%2 0.T5E (] E1E2 JLETH 136E]
10 12150 [(TER] 0.08133 1054097 [T E3RI0 JRGAEL L3367
11 12434 [LBM3 0.08Z18 12 1GEY 10218 0 TRER 462977 LENZ]
12 1 2GEZ [LTESS 007456 134121 455 105753 56ET12 (e
13 12936 (FET] 1L0GELZ 145803 DDER1Z 11. 3484 BLTS 57231
1 13195 07579 ML0G2E] [0k [ DEZGD 121062 TS LITE
15 13459 [ E] MLIETE] 172034 O0T7R3 1235 ] LE3M
16 1378 n7Ed [ 1IR30 O0TIRE 135777 EAR] Ta78
17 1 A2 07142 0104857 HFEL OL0EsaT 142919 107 6554 T.5256
1§ 1 4262 ] 01.04E70 214123 [LDEETD 148520 118 4521 T.2GE]
19 14668 [E] LM3TR 123408 OLDEITE 15RT85 1318139 E40T3
20 1 4BE% OETI0 DMI1LE ORI D066 163514 1416003 [T
] L5157 (] [.METR 157833 [LDEETR 1Tz 1577050 LI7E
2 15460 (] .06 172000 (R 1T RESD 1713785 07055
23 L5TES 06342 [LIHET FEET] [T 182522 185 3309 101317
24 1508 DEZIT 1.3zET 4213 DLD5IRT 189139 1906306 05T
25 LE4DE (T n.mnz2 120303 (THEH 195235 1142652 108745
25 LETH OE0TR [T 1ETE [ ENT 201210 120 17 113910
Fi) L0 (5] [ BEME [T 207060 FIEEN] 11.B041
ZB L7413 05744 01.02629 170512 [LMESS 212813 2500352 122145
24 1775 05631 0.I2578 I3.7972 LM5TE 21 B4 ITE TR 12 G214
0 1E114 (5] [LORES AD5GEL OMAGS 22 3965 LTI 130251
k1 2039 04wz 001523 5195944 (NEE] 25 4B3R 182 MG 15 3509
[17] 22080 04529 [ [EES] [ T353R AE1.041] 15 BREG
[1] 25871 0 3REG [T T0.3535 [EFT] AT [ 18 7550
50 25016 0a7ls BOL1E2 B45TH [ETEH 314235 [EFEEH 2084420
52 23003 03571 [T SO naani 12148 ETETEAY 21114
[ 25717 0335 n.onnid 58 5865 (ENT] EENELT] [EERF 221057
[£] 12810 038 .0ETT [ITHH 00ZETT J.7EM E21E07R 23 R0E]
[ [ATHT] 02403 0.00633 ISR 0570 002633 178841 103008 pIREET]
TE d4152 02365 01.0526 1707018 LOZ585 JEGTTI 102464 2B 434
Bl 52773 [1ESS 01.0HE8 FEE 02468 A05Z35 1230.42 303616
(] 5431 D13 [ JATLEET [(THTH JL5BED 132217 ETREF]
56 [IEE] (E] 0.0351 IRLGIET 00zI51 [HF] 1409.30 131370
0] THIE 01380 [T 112233 n0z120 [T 18EA.TS 130821
] BARE (RN L0027 E ] O0ZRT ms 1560.30 A5ATH
120 107652 00429 .00 ABE 2582 05 453554 ITL0.42 3T
132 12 RE2R [FER] 0.00158 ERETH LOZI5E 463378 183347 4 5676
TH [TAI5] A (RO} FE] EETHG OIELEY 1T L I I L
F1] TISEEET ONEG | MR L RE] AT WHET || 2 OB LR
0] TETEE | (A | e [k (TANTE LR TETET
B TITEF TN L] TR TET WO |

60



3% TABLE® Discrete Cash Flow: Compound Interest Factors 3%
Singla Paymants Uniform Sarics Paymants Arithmetic Gradiants
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4% TABLE9 Discrete Cash Flow: Compound Interest Factors 4%
Single Paymants Unifoem Sarias Paymants Arithmatic Gradisnts
Compaound Presant Sinking Compound Capital Presant Gradient Gradiant
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1 1000 D815 100 L0 108000 05615
z LIBIE 08246 1.4502 2N 053020 1 3BE1 1.928 04802
1 LIZi8 O RES0 L3203 11216 035035 27751 .70 [(ETE]
[] LGS [(FET] 0.23548 L. MBS 027540 18209 62610 L4510
B 12167 D&zZ19 0.134E3 G463 0163 L4518 B.E5T 15218
[ IG5 g TISTE | GGs0 IO SIEET TI5T pil 1)
7 13159 07558 [(NF] T.E383 DLIGEG] [} 170657 LE8E
B 1IGEE (T 0.10853 [HIH (] (W] 22.1808 17844
[] 14233 [ 0.03448 [[EE] (ETT] 74353 173013 17l
10 1 4BIZ OETSG 1.0813 120061 012128 2.1109 13814 LITT
11 15385 G456 0.07E15 134864 L1415 B TG05 403772 AL
12 LEDID DE2G [LDEEEE 150258 DLIDEGE 53851 AT 50043
13 1EREL 050G 0.0E014 &) nimd (e 544G 54531
14 L7317 DETTS .D54E7 181013 0 DMET 105611 [FEHH [T
15 1 3IHE (5] 0.045H H2% [T L1184 £0.TI55 62721
16 LT3 05319 0.MGE2 T182U5 08382 11.6523 71781 EETAY
17 LTS [(HE] 1.4z2a FeIIH 08220 1Z1E5T 855681 T.OG5E
] 202 04536 .38 FAE] [o7an 1255 R T 4530
19 2106 04T4G M.03614 ITETZ DoTEld 131339 102 3013 T3
1] 2181 (T 0.03358 TRl [ 07TI5E 135009 1115647 [F
21 23T 04338 0.0Z1ZR 315602 OLOTIZE 10z 120 3414 E5TTS
22 23695 [EFE] 002921 4 B0 06520 1445l 128 334 ESa07
23 ZAGT DAD5T 0.02731 IBEITS [TET] 14.R5ER 135 1784 52973
] pA ] 03001 0.02558 100838 010635 152470 [TTATITH (1]
5 2ERE 0751 0.02401 [T [T 156221 156 IM0 08925
26 27725 03607 0.OE2ET 443117 DLOGIET 15 0EIR 1B 1212 103312
T 2383 D348 DOE12E 470812 OOGIZ4 16326 ITL 1385 10GEAD
28 29987 03335 (] [CE L0601 166631 1B 1424 10 5509
2] L11E7 03T N.DLRER 52 9663 [ 053RE 169837 192 1706 11.3120
0 13 03E3 [T SE08le OO6TRY 17200 010618 1LEZT
k1] 13731 0205 LOLGER 503283 [ 5585 1T EBRR 21 8550 11.8571
12 J50EL D251 [N E2.7015 L0&6585 |TBTIG T1E T3 12 2411
1 4B nam 1LOLG10 [EFH DLOG510 1E 1476 12156 125350
u 173 02636 [(ITLET] GOALTS 06431 1E4112 1362607 (]
1 15461 02534 [(ITEE] TIE6Z2 D0RISE 1E AR JHLETER 131138
[17] 43010 02023 0.0L0s2 950255 (5 16 7028 2R6 3309 1LATER
[ 53412 o7z 0.0 1210284 08826 2073M J2EAME 15 THT
&0 T.I067 [ [LDIGEE I5ZEGT1 LGRS 214822 3611638 168122
[ [T D157 1.00657 1911582 0523 22 186 193 GAS0 17 RO70
[£] 10519 [(IEH] .00 1375007 0420 12EZE 427 506 1ERET2
[ 12 7087 [T 0.0033 e [ERE] TEMET 4402014 16 4008
I L5516 00642 0.002TG G4 2006 00375 2335845 ATZATED 201551
[ 1E3453 [(IEF] .00z A4EEI LMz23 FEE] 4930408 208206
BD 23 MW [(IE] [ 3512450 [LMIA] 230154 [INIE] ZLATIR
[H JEME 0037 [.DD148 ETE0G0 (I 2L1EE 526 5384 21R5ED
] EINIET] 003 [T [AIETER] (I TH] 2L2Em 5407360 22 2828
36 410718 nnziz 0006 105430 008085 24420 5515312 22 TZ36
L0E EO.1156 00145 000053 170295 [L0&ED 2463 576 EME 234146
120 11106626 (] [(IET TS 06 L7141 507 2428 230057
[TT] IRIGGIA T 000014 TDBE.55 0014 208118 [E1TT 244006

62



595 TABLE 10 Disorete Cash Aow: Compound Interest Factors L1
Singla Paymants Uniform Saries Paymeants Arithmatic Gradiants
Compound Prasant Sinking Compound Capital Prasant Gradiant Gradssnt
Amount Warth Fumnd Amount Rzcovery Worth Preszant Worth Uniform Series
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6% TABLE 11 Discrete Cash Flow: Compound Interest Factors 6%
Single Paymants Unifarm Sarias Paymants Arithmatic Gradionts
Compound Prasamt Sanlang Compound Capital Prasant Gradiant Gradiant
Amount Worth Fund Aot Reocowary Worth Prasant Worth Uniform Sarias
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7% TABLE12 Disorete Cash Aow: Compound Interest Factors %
Singla Paymants Uniform: Saries Paymants Arithematic Gradsants
Compound Prasant Finking Compound Capital Prasant Gradiant Gradient
Amount Warth Fumd Amount Recowery Worth Prezant Warth Uniform Serics
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3% TABLE 13 Discrete Cash Flow: Compound Interest Factors 8%
Single Payments Unifiorm Sarias Paymants Asithmatic Gradiants
Comp-ound Presant Sinking Compound Capital Presant Gradisnt Gradiant
Amount Worth Fund Amount Racovary Wiorth Prasemt 'Warth Uniform Saries
n F/P P/F AF Fia AP P/A PG AlE
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99 TABLE 14 Discrete Cash Flow: Compound Interest Factors o9
Singla Paymants Unifiorm: Saries Paymants Arithmetic Gradiants
Compound Prasant Sinking Compound Capital Prasent Gradiant Gradiant
Amount Worth Fund Amount Recowery Worth Presant Worth Uniform Saries
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1 1.000 09174 1N 1K 105000 BAIT
i L1E1 BT L4TRAT FER] [T 17581 DEIT 0ATRS
1 1.2050 .12 030505 12181 0.39505 18113 2IEED 00426
[] LANE (.T084 021867 ALETI (L3087 107 L5113 1.3925
5 1.5356 L6459 0167 5 OB4T B2 1EROT 11110 1.EZR2
[ LETT1 [1.5563 013292 THE1] D222 44350 100524 22408
] [FT] 0.54TD 010863 02004 0.13869 5.0330 133786 LT
(] .96 [.5019 () 110285 DL1A0E7 5.5ME 16.RETT 10512
[] 21T 4G [L0TE80 13.0210 [ 50857 2ETI 14312
10 L6 04221 [ 15.1020 L155E2 EAITT 2.OT2R 1TITE
11 2.560 [.3875 005595 17.5603 14655 [ 222481 41510
12 FATF 03355 (EH 0. 1407 0L13965 1.1807 150 44510
13 10638 L3362 04357 AT 013357 T.A368 071 1.EIRZ
T 1M 0.7997 (TETH e 012843 T.TaEZ 0063 51126
15 16435 [ (TET =.9600 12608 0607 (B SAME
1& 3.09703 02519 003030 3.4 R12030 23126 A7.5580 5.THE
17 4356 [T (HEH T LIITE 2436 512821 E0024
13 4717 02120 [T H] AL.3013 [ATF] [ 5. BEGD G208
[E] 1T [(NE (T [HE o &.0501 [T E.5236
£ 560 01784 (EH SL1EN 010955 G.1285 ELTT0 ETETL
Zl 5. 128 0.1E37 001762 BE.TBAS B.10TE2 9.7922 B3.0508 T.0006
=+ 5.6585 01502 001550 62.8713 10590 24421 622048 T1.2212
=] 7.25M [(NEN] 001438 [3.5318 [ITE] G502 TL.2%8 TAJET
2] Ta111 L1264 no1ang TE.TES 0.10302 5.T0GE T4.1433 16181
= [T OLI1EN [T B4.7mg [T S.RI26 TE.OEE TEIE
2 9.3052 111064 00172 433240 B10072 90790 T3.5863 20156
i 102451 L0576 [LHET3 102.7231 [-oTE] 100268 E21241 21506
] 1L1ET1 00885 (H 112.9682 DLI38ES 1011EL ELEL1D 23571
-] 121722 00822 [LD0R0G 124.1354 00380 10.1583 BE.RIZZ [
n 132677 L0754 (UTTED 1303075 [ETED] 103737 E2.0z80 REBEET
3 14AE1R 0.0281 [L0EES 1435762 0I36E3 1.M2 LI 2182
g 15.7633 10531 OLO0ELD 164.0370 [0 104062 o1 0630 25436
n 17.1820 0.0382 DLD0E5EE 17958003 [T [T LI S071E
H 187284 0.0534 L0508 195.5823 [0 105178 BE.GH35 51533
i A8 0.0450 (] 215.TIDR [T 10.5668 3. 3500 G.3083
[0 314004 [ 096 REnE= ] 003208 10.757 105. 3762 S TET
3 123273 L0207 000150 G25.B387 05190 10212 110.5561 10.1603
5] T4.3575 .01 (I TEE] B15.0236 [T:TF=] L0.SE1T 1143351 104295
55 114 ADE3 [L.008T (] 126009 [TEE] [T 117,052 I
[ 1760011 [L00&T [T 134170 [ETH] 11BN 1189581 10.TE83
|31 TILEGD AT NI e | I [ Tl THLIT TETOE
] IR THT R O - TIIEH [ 2 H BT |
15 T TS LR T TS [ICE| L TEToEE B2
B oA LR 0] TITHRART T TS | T TELTHE T
] T5T70% AT TR |33 B TLIT=E TEL 1533 TIIGET
1] FHLEY T [ TG T TELOTGE TIOTE
[ 350350 0.0003 000003 |l 03003 11108 1211287 110847
s ZEA] (.00 002 43510 (SN2 11.10E3 1#1.1529 11 08EE
o AE536E .00 [ITH 51686 [EXETF 111087 1Z3.1563 110900
100 552004 .00z T [qTFx] [T JINTET 1237335 110930

67



10% TABLE 15 Discrete Cash Flow: Compound Interest Factors 10%
Single Payments Uniform Sarias Paymants Arithmatic Gradiants
Compound Presant Sinking Compound Capital Presant Gradient Gradiant
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11% TABIE 16 Disorete Cash Flow: Compound Interest Factors 11%
Singla Paymants Uniform Saries Paymants Arithmetic Gradiants
Compound Prasent Sinfiing Compound Capital Prosent Gradiant Gradiant
Amaunt Worth Fumnd Amount Recowary Worth Prezant Warth Uifarm Sarics
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e Cash Flow: Compound Interest Factors 12%

Uniform Saries Paymants Agithmatic Gradiants
Compound Presant Sinking Compound Capital Presant Gradisnt Gradiant
Amount Worth Fund Amount Recovary Worth Prasemt 'Warth Uniform Sarias
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14% TABLE 18 Discrete Cash Flow: Compound Interest Factors 14%
Singla Paymants Unifarm Saries Paymants Arithmatic Gradiants
Compound Prasant Sinding Compound Capital Presant Gradiant Gradisnt
Amount ‘Worth Fumnd Amount Recovery Worth Presant Worth Uniform Senies
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15% TABLE 19 Discrete Cash Flow: Compound Interest Factors 15%

Singls Payments Uniform Saries Paymants Agithmatic Gradiants
Comp-ound Presant Sinking Compound Capital Presant Gradient Gradiant
Amount Worth Fund Amount Racovary Worth Prasent Warth Uniform Saries
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16% TABLE 20 Discrete Cash Flow: Compound Interest Factors 16%
Singla Paymants Uniform Senies Payments Arithmatic Gradsants
Compound Prasant Sinking Compound Capital Prasant Gradsant Gradismt
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TABLE 21 Discrete Cash Flow: Compound Interest Factors 183%

Singls Payments Uniform Saries Paymants Asithmatic Gradiants
Compaound Presant Sinking Compound Capital Presant Gradisnt Gradiant
Amount Wiorth Fund Amount Recovary Worth Prasent 'Warth Uniform Sarias
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20% TABLE22 Discrete Cash Flow: Compound Interest Factors 20%
Singla Paymants Uniform Saries Payments Arithmatic Gradiants
Compoand Prasant Sinking Compound Capital Prasent Gradiant Gradient
Amount Warth Fund Amount Recovary Worth Prezant Worth Uniform Series

n FP P/F AJF L] A/P Fid PiG AlG
1 1.3 03333 1. 00 1. 1M 12000 0.E133

Fi LAl [ [TEF 2.2000 [ LEITE DG4 [THH
] LT280 O5TET [T 3.5400 [(NTLTE] 21065 LBEIA LET]
[ ATk 04873 [N 53680 033629 15387 12080 LETaz
5 24383 [ETIE] [NEE] TAIGE 0131438 2.9506 4.00E1 LEADS
[] ] LS (Lo ERe] 13N | 4355 [0 TOTEE
7 15237 0.27al 00778 129158 027742 1.6ME 82551 =
i 42998 0232 ] 16.4581 0. 2E0E1 1EITZ 5.BE31 LETGE
[] 5.1508 0193 [ET] M0.7588 024808 40310 114335 LEIG
10 E1917 [NHH 0.03857 250587 0.71852 1.1525 128871 1071
1] T TTIHE [ AL 15 AT [ Rt | T2 b k]
12 4161 0.1122 D.0E2% EETH 022526 44382 154867 L1441
13 [ 00935 .06z [EETT 0.220:2 [5E]] 16.5383 1E5AT
1] 12 g3z [0fE] 0.0168 59,1958 1216 LEIDG 17,6008 1EITS
[ 154070 [IHE] [TE:] [FE] [(HET] LETRE 18.5005% 10iRE
[ 1R.1384 [T (TR ET.421 21 L7296 193208 40351
17 Z22.1361 51 (0[N3 1055306 .20 4 4.TT4E aM1E 41576
13 Z6.6231 00378 0.78EL 1281167 [0.207&1 4.B122 SUER0L 42975
1] 319480 a3 [T 15T [L.20HE [FS Zl.23 4.3361
F1] I8.31M% 00261 [T 1866380 120535 [T FIREH [XTET]
F7] 55.2061 018l 0.IE mLmnT 0. 2038 £.0004 T .58
H 704563 [T LG5S BI4347 [ [ ZELITED 162
26 114 4T5S [00ET R.00ITE BET.ITT3 0.20176 4.9563 ZLEE0 AT
Fi] [N 00061 []F 818.2133 020122 4.9607 35601 4.E29]
£ H71ITE [ITF [T 11ELBE [L.EMES 49789 247628 [ETET]
1 ML [ [T 170411 120068 [ ZA5BE 40061
M 1922235 [ILET] [T MER1Z .20M1 4.0308 240038 A.0108
35 550 BGET 08017 0.0 ZE 1020134 45515 2LEELL A.S06
36 TO8.A01S 0014 0.02E 333901 .28 4.9520 24.TIDE 4.949]
] [IFEH) [ 0. 0020 509837 0.2 (3] 24T 40827
40 1465.77 00007 [T TMIBE 0.20014 (=T ] 19728
[ IELT.E 00003 (. NE 18281 1120005 4.9986 T [T
50 1008 [ [ [HE [ £.9905 240G08 .05
55 THAL 0.1 [0 20001 4.590E R 45576

75



TABLE 23 Discrete Cash Flow: Compound Interest Factors H'ﬂ

Singls Paymants Uniform Saries Paymants Asithmartic Gradiants
Comp-ound Presant Sinking Compound Capital Presant Gradient Gradiant
Amount Worth Fund Amount Racovary Worth Prasent Warth Uniform Saries
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29% TABLE 24 Discrete Cash Flow: Compound Interest Factors 2%
Singla Paymants Uniform Sarias Paymants Arithmetic Gradiants
Compound Prasent = Compound Capital Prassnt Gradiant Gradsant
Amount Worth Fund Amoaunt Rgcowany Worth Prasant Worth Uniform Serias
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25% TABLE?S Discrete Cash Flow: Compound Interest Factors 25%

Sangle Paymants Uniform Sarias Paymants Arithmatic Gradients
Compound Prasant Sinking Compound Capital Prezant Gradient Gradiant
Amoaunt Warth Fund Amount Racowvary Worth Prazent Warth Uniform Sarias
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30% TABLE 26 Disorete Cash Flow: Compound Interest Factors 30%
Singla Paymants Uniform Series Payments Arithmatic Gradisnts
Compound Prasant Sinking Compound Capital Prasant Gradiant Gradient
Amount Worth Fund Amount Racovary ‘Worth Presant Worth Uniform Series
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TABLE 27 Discrete Cash Flow: Compound Interest Factors 35%

Sngle Paymants

Uniform Saries Paymants

Arithmiatic Gradionts

Compound Prasant Sinking Compound Capital Presant Gradiant Gradiant
Amount Worth Faund Amount Racovary Wiorth Prasant Warth Uniform Sarias
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0% TABLE 28 Discrete Cash Flow: Compound Interest Facbors 0%
Singla Paymants Unifarm Series Paymants Arithmetic Gradiants
Compound Prasent Sinfing Compound Capital Prosent Gradiant Gradsant
Amaunt Worth Fumnd Amount Rzcowery Worth Prezont Warth Unifarm Serics
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50% TABIE 79 Discrete Cash Flow: Compound Interest Factors 50%

Single Paymants Uniform Saries Pagmants Arithmetic Gradiants
Compound Prasent Sinking Compound Capital Presant Gradiant Gradiant
Amount Worth Fund Amoaunt Recovary Wiorth Prasent Warth Uniform Sarias
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